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1
Abstract
This thesis considers one and two dimensional supersymmetric nonlinear
sigma models. First there is a discussion of the geometries of one and two
dimensional sigma models, with rigid supersymmetry.
For the one-dimensional case, the supersymmetry is promoted to a lo-
cal one and the required gauge fields are introduced. The most general
Lagrangian, including these gauge fields, is found. The constraints of the
system are analysed, and its Dirac quantisation is investigated.
In the next chapter we introduce equivariant cohomology which is used
later in the thesis.
Then actions are constructed for (p,0)- and (p,1)- supersymmetric, 1 ≤
p ≤ 4, two-dimensional gauge theories coupled to non-linear sigma model
matter with a Wess-Zumino term.
The scalar potential for a large class of these models is derived. It is then
shown that the Euclidean actions of the (2,0) and (4,0)-supersymmetric
models without Wess-Zumino terms are bounded by topological charges
which involve the equivariant extensions of the Ka¨hler forms of the sigma
model target spaces evaluated on the two-dimensional spacetime.
Similar bounds for Euclidean actions of appropriate gauge theories cou-
pled to non-linear sigma model matter in higher spacetime dimensions are
given which now involve the equivariant extensions of the Kahler forms of
the sigma model target spaces and the second Chern character of gauge
fields. It is found that the BPS configurations are generalisations of abelian
2
3and non-abelian vortices.
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Chapter 1
Introduction
This thesis is on the theory of two dimensional sigma models. Sigma models
have found a wide variety of applications in particle and theoretical physics.
We shall first outline briefly the historical background and development
of the theory, putting sigma models into their proper context and then
motivating their study by making the reader aware of a small selection of
their wide range of applications. We shall also outline the results of this
thesis.
1.1 History and Motivation
Nonlinear sigma models have been used to describe the dynamics of rela-
tivistic and non-relativistic particles; their original motivation was the study
of the propagation of such particles in curved space-times. Sigma models,
in the modern sense, were first described in [1] as a model of high energy
hadron physics; it was postulated that the pion field depended on a scalar
meson called σ proposed in [2]. This idea was formalised in [3], where chiral
invariant Lagrangians were also written down,
S =
∫
d4x ηµνgij(φ)∂µφ
i∂νφ
j (1.1.1)
9
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where φi are coordinates of M and xµ are coordinates of Ξ. The coupling g
is a metric on the sigma model manifold I.
Today it is understood that strong interactions and hadron physics are
described not by nonlinear sigma models but by the Standard Model. How-
ever, nonlinear two-dimensional (dimΞ = 2) sigma models have found new
applications in string theory [4, 5]. The Lagrangian for this is a natural
generalisation of (1.1.1), with the addition of supersymmetry.
Supersymmetry is a symmetry which rotates bosons into fermions. It
improves the short distance behaviour of quantum theories and gives an
elegant solution to the hierarchy problem. In string theory, the five known
consistent string theories are supersymmetric.
Supersymmetric sigma models have a rich geometrical structure. This
was first observed in [6] for four dimensional models and later developed
by [7] for two dimensional models. In particular it was shown that N = 1
sigma models require the target space to be a (pseudo-)Riemannian man-
ifold, N = 2 requires the manifold to be Ka¨hler and N = 4 requires the
manifold to be hyper-Ka¨hler. If the manifold has torsion, the model gen-
eralises to have chiral supersymmetry [8, 9, 10], where the number of left
handed supersymmetries differs from the number of right handed supersym-
metries. We will review this in the next chapter.
Massive supersymmetric sigma models were first constructed in [11] by
the addition of potentials. The inclusion of a potential may impose addi-
tional restrictions on the target space geometry.
1.1.1 One-dimensional sigma models
The simplest examples of nonlinear sigma models are those where the
worldspace is one-dimensional. The sigma models obtained can therefore
be thought of as particles, where the dependence on the worldsheet signi-
fies time dependence. Such sigma models describe the dynamics of point
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particles.
In the past the model that was mostly investigated was a relativistic
or non-relativistic particle propagating in a Riemannian manifold with a
metric g. These results were extended to N = 1 locally supersymmetric
particle models in [12, 13]. Later the action of supersymmetric particles
with extended supersymmetry was given in [14].
One-dimensional sigma models have many applications. The simplest
example is that they form the basis for supersymmetric quantum mechan-
ics, when N = 4 this can be associated [15, 16, 17] with N = 1, d = 4
supersymmetric field theories after an appropriate dimensional reduction.
The conditions on the target space required by supersymmetry in d = 1
manifolds is given by [18, 19, 20, 21, 22, 23].
In [18] it was found that rigid supersymmetry in one dimension allows for
the construction of more general models than those considered in the past.
In particular, the manifold that the particle propagates in can have torsion
which is not a closed 3-form. Such models have been found to describe the
effective theory of multi-black hole systems [24]. A scalar potential and a
coupling to a magnetic field in the action of [18] was added to the sigma
model formalism in [25], following the earlier work of [26, 27].
More recently, interest in sigma models has arisen in the context of the
AdS/CFT conjecture. It has been observed [28, 29, 30] that supersymmetric
sigma models describe the dynamics of a supersymmetric particle near the
AdS horizon of an extreme Reissner-Nordstro¨m black hole.
In this case, superconformal supersymmetry is required, which imposes
additional constraints on the target space geometry. Superconformal quan-
tum mechanics may even provide a dual description of string theory on AdS2
[22].
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1.1.2 Two-dimensional sigma models and Gauge theories
Two dimensional sigma models are interesting in their own right because
they have a rich mathematical structure. In addition to the fact that super-
symmetry constrains the target space, they have improved UV behaviour
and in d = 2, they have improved UV behaviour and power counting shows
that they are renormalisable. In fact models with N = 4 supersymmetry
are finite to all orders in perturbation theory.
In addition to string theory, two dimensional sigma models can be used to
describe certain properties of four-dimensional gauge theories. For example,
the magnetic monopole and dyon in the gauge theory correspond to the
kink and Q-kink solution of sigma models. There are also applications to
the theory of integrable systems and supersymmetric models have been used
in the investigation of duality.
Two-dimensional sigma models and some two-dimensional gauge theo-
ries have been used to model the dynamics of fundamental and D-strings,
respectively. The small fluctuations of strings which arise as intersections
in various brane configurations are described by two-dimensional gauge the-
ories coupled to scalars. Because of this, many of the properties and the
various objects that arise in gauge theories coupled to scalars have a brane
interpretation [31, 32, 33, 34]. Supersymmetric gauge theories coupled to
linear sigma models have been constructed in [35] and they have been used
to illuminate the relation between Landau-Ginzburg models and Calabi-Yau
spaces. Recently a two-dimensional gauge theory coupled to a linear sigma
model was used to investigate aspects of the dynamics of vortices using
branes [36].
In two dimensions, the Wess-Zumino term has the same mass dimension
as the kinetic term of sigma model scalars. Therefore two-dimensional su-
persymmetric gauged theories can couple to non-linear sigma model matter
which also has a non-vanishing Wess-Zumino coupling. Such a theory is
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renormalizable. The gauging of supersymmetric two-dimensional non-linear
sigma models with a Wess-Zumino term have been considered in [37, 38].
However in these papers the part of the action which involves the gauge
field kinetic terms has not been given. It has been found in [37] that the
Wess-Zumino term of a non-linear sigma model cannot always be gauged.
The conditions for gauging a Wess-Zumino term have been identified as
the obstructions to the extension of the closed form associated with the
Wess-Zumino term to an element of the equivariant cohomology [39] of the
sigma model target space [40, 41]. Scalar potentials for supersymmetric two-
dimensional sigma models with Wess-Zumino term have been investigated
in [25, 9, 10, 42].
1.2 Outline
1.2.1 Supersymmetry in sigma models
In the second chapter, we review one and two dimensional sigma model
with various amounts of supersymmetry. We begin with a discussion of
two-dimensional sigma models φ : Ξ→M where the target space has a tor-
sion H. The torsion is introduced into the action by a Wess-Zumino term,
however this term is only defined locally on a given coordinate patch of M ,
therefore the action S is not globally defined; in particular the exponential
exp(iS) that appears in the path integral may not be well defined. We will
discuss the global aspects of torsion, for example we will derive a topolog-
ical condition, analogous to Dirac’s quantisation condition for strings, for
exp(iS) to be well defined and therefore write the action in a globally de-
fined way. Next we shall introduce the (p,q) supersymmetry model where
q = 0, 1. The (1,0) model is enlarging the worldspace Ξ to the superspace
Ξ1,0 by adding a Grassman (anticommuting) degree of freedom; the sigma
model map will then be a multiplet consisting of a scalar φ and a fermion
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field λ. We will write down the supersymmetric action as an action over
the superspace Ξ1,0 and construct the Noether supercharge Q+ that gen-
erates the supersymmetry. On writing the action as an integral over the
bosonic coordinates of the superspace only, ie. the coordinates of Ξ only,
we will recover the original non-supersymmetric action plus fermion terms.
Then we will introduce (p,0) supersymmetry for p = 2, 4. We will find that
(2,0) supersymmetry requires that the target manifold M is a KT manifold
and that (4,0) supersymmetry requires that M is HKT, demonstrating the
relationship between supersymmetry and target space geometry. We will
show that no other interesting cases for (p,0) supersymmetry exist. Next we
will introduce (p,1) supersymmetry for p = 1, 2, 4. We will find that these
models are analogous to the (p,0) models; in particular (2,1) supersymmetry
requires that M is KT and (4,1) supersymmetry requires that M is HKT.
We will demonstrate why it is not possible to define a (2,1) supersymmetric
theory on a manifold with vanishing torsion. Finally we will introduce one
dimensional sigma models, which are maps φ : Σ→M where the (bosonic)
dimension of the superspace is dimΣ = 1. In this section we will also intro-
duce a fermionic superfield χ, which can be thought of as belonging to the
Yang-Mills sector of the theory. We will describe an N = 1 supersymmetric
action for φ and χ and construct the Noether supercharge of the symmetry.
We will briefly comment on the differences of the geometry of the target
space between two-dimensional and one-dimensional sigma models with ex-
tended supersymmetry.
1.2.2 Supergravity and one-dimensional sigma models
In the third chapter, we will introduce the most general one dimensional
N = 1 supersymmetric action with dimensionless couplings, and describe
the action in components. We will then describe the Noether procedure,
where the supersymmetry parameter ǫ is no longer assumed to be constant,
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but to depend on the coordinates of the worldspace. Such models are known
as supergravity models because they can be shown to include gravity. We
demonstrate the Noether technique explicitly on a simple Lagrangian, in-
troducing gauge fields which cancel the variations proportional to deriva-
tives of ǫ. We then describe the most general N = 1 action after gauging
its supersymmetry and introducing the supergravity gauge fields. We de-
rive the Hamiltonian of the theory and calculate the first and second class
constraints; we show that these are conserved with time and express the
Hamiltonian as a linear combination of the second class constraints. We
then quantise the theory using the Dirac-Bergmann method; we calculate
the Dirac operator and show that it squares to the Klein-Gordon operator.
We will give two representations of the Dirac operator in terms of Dirac
matrices, then finally we will comment on the existence of zero modes of the
Dirac operator on curved manifolds.
1.2.3 Equivariant cohomology
In the fourth chapter, we review the results of equivariant cohomology that
we will use in the following chapters. Equivariant cohomology describes the
cohomology of gauge invariant forms that arise when a manifoldM admits a
group action with gauge group G; we will give a mathematician’s definition
in terms of the universal classifying space EG of G. We will then construct a
model for the equivariant cohomology as follows. We define the Weil algebra,
which can be thought of as the differential graded algebra generated by the
gauge potential A and the field strength F . The Weil algebra is used to
generalise the space of forms to include forms which are polynomial in A
and F ; the subspace invariant under gauge transformations is called the
space of basic forms Ω∗g(M). The cohomology of Ω
∗
g(M) is the equivariant
cohomology. We will define an equivariant extension of a form, and in a
final section which can be read independently of the rest of the chapter,
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we will give a more useful, physicist’s way of thinking about equivariant
cohomology.
1.2.4 New two dimensional gauge theories
In the fifth chapter, we shall construct the actions of (p,0)- and (p,1)-
supersymmetric, 1 ≤ p ≤ 4, two-dimensional gauge theories coupled to
non-linear sigma model matter and with non-vanishing Wess-Zumino term.
In addition we shall also consider the scalar potentials that arise in these
theories. This will generalise various partial results that have already ap-
peared in the literature. To simplify the description of the results from here
on, we shall use the term ‘sigma models’ instead of the term ‘non-linear
sigma models’ unless otherwise explicitly stated. The method we shall use
to construct the various actions of supersymmetric two-dimensional gauged
theories coupled to sigma models is based on the superfields found in the con-
text of supersymmetric sigma models [43, 44] and later used in the context
supersymmetric gauged sigma models [38]. One advantage of this method
is that it keeps manifest the various geometric properties of the couplings
that appear in these theories. This will be used in the fourth chapter to
construct of various bounds for vortices. Since the parts of the actions that
we shall describe involving the kinetic term of the sigma model scalars, the
Wess-Zumino term and their couplings to gauge fields are known, we shall
focus on the kinetic term of the gauge fields and the scalar potentials of
these theories. We shall allow the gauge couplings to depend on the sigma
model scalars and we shall derive the various conditions on these couplings
required by gauge invariance and supersymmetry. We shall find that the
scalar potential of gauge theories coupled to sigma models in two dimen-
sions, even in the presence of Wess-Zumino term, is the sum of a ‘F’ term or
a ‘D’ term or both. The presence of a D-term, or Fayet-Iliopoulos term, may
come as a surprise. This is because in the presence of a Wess-Zumino term
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the geometry of the target space, say, of (2,0)-supersymmetric models where
such a term in expected, is not Ka¨hler and but Ka¨hler with torsion (KT).
Thus the Ka¨hler form is not closed and there are no obvious moment maps.
However, it has been shown in [45] that KT geometries under certain condi-
tions admit moment maps and are those that appear in the Fayet-Iliopoulos
term of these models. Similar results hold for the (4,0)-supersymmetric
models. We shall observe that the gauged (p,1), p = 1, 2, 4, multiplets are
associated with scalar superfields. For the gauge theories with (2,1) and
(4,1) supersymmetry, these scalar multiplets satisfy the same supersymme-
try constraints as the associated sigma model multiplets. Therefore these
gauge theories can be thought of as sigma models with target spaces g⊗Rp,
p = 1, 2, 4. This will allow us to combine the (p,1) gauge multiplet and the
standard sigma model (p, 1) multiplet to a new sigma model multiplet. As a
result, sigma model type of actions can be written for these gauge theories
coupled to matter for which the associated couplings depend on the scalar
fields of both the sigma model and gauge multiplets. This generalizes the
results of [38].
1.2.5 Vortices and bounds
In the sixth chapter, we shall show that the Euclidean actions of (2,0)-
and (4,0)-supersymmetric two-dimensional gauge theories coupled to sigma
models with a Fayet-Iliopoulos term but with vanishing Wess-Zumino term
admit bounds. In particular we shall find that the Euclidean action SE of
the (2,0)-supersymmetric theory is bounded by the absolute value of a topo-
logical charge Q which is the integral over the two-dimensional spacetime
of the equivariant extension of the Ka¨hler form of its sigma model target
space, SE ≥ |Q|. The sigma model manifold in the (4,0)-supersymmetric
theory is hyper-Ka¨hler and so there are three Ka¨hler forms each having an
equivariant extension. The Euclidean action SE of the (4,0)-supersymmetric
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theory is bounded by the length of the three topological charges Q1,Q2,Q3
each associated with the integral over the two-dimensional spacetime of the
equivariant extensions of the three Ka¨hler forms, SE ≥
√
Q21 +Q22 +Q23.
This is another application of the equivariant cohomology in the context of
two-dimensional gauged sigma models which is distinct from that found in
[40, 41] and we have mentioned above. (For many other applications see for
example [46].) The configurations that saturate these bounds are vortices
and include the Nielsen-Olesen type of vortices [47] associated with gauge
theories coupled to linear sigma models. In particular the bounds above
generalise that found by Bogomol’nyi in [48] for the abelian vortices of a
gauge theory coupled to a single linear complex scalar field.
We also find that similar bounds exist in higher dimensions for action
type of functionals that involve maps between two Ka¨hler manifolds of any
dimension coupled to gauge fields or maps from a Ka¨hler manifold into a
hyper-Ka¨hler manifold again coupled to gauge fields. The structure of these
functionals is such that it includes the Euclidean actions of some supersym-
metric gauge theories in higher dimensions coupled to sigma models with
Fayet-Iliopoulos terms. In particular the first case, which involves maps be-
tween two-Ka¨hler spaces, includes the Euclidean action of a four-dimensional
N = 1 supersymmetric gauge theory coupled to a sigma model. The latter
case, which involved maps from a Ka¨hler manifold into a hyper-Ka¨hler one,
can be associated with the Euclidean action of a four-dimensional N = 2 su-
persymmetric gauge theory coupled to a sigma model. Note that in N = 1
theories in four dimensions the sigma model target space is Ka¨hler while
in the N = 2 theories in four dimensions the sigma model target space is
hyper-Ka¨hler. In all these cases the action functionals are bounded by topo-
logical charges which involve the equivariant extensions of the Ka¨hler forms
of the sigma model target space as well as the second Chern character of
the gauge fields. Our results are different from those of [49, 50] for non-
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abelian vortices which involve non-abelian gauge theories coupled to linear
sigma model matter. Note that in the bound constructed in [49], the topo-
logical term involves the first class and second Chern character of the gauge
fields instead of the equivariant extension of the Ka¨hler form and the second
Chern character of the gauge field that we find. It turns out that in the case
of gauge theories coupled to linear sigma models of [35] the two different
topological charges can be related, see also [51]. However this involves a
partial integration procedure in which various surface terms are taken to
vanish. We remark that in the construction of the bounds that involve the
equivariant extensions of the Ka¨hler forms, and also in [48], the topological
terms are identified with what remains after writing the Euclidean actions
of the theories as a sum of squares without the use of partial integrations. It
is clear that our results can also be used to construct bounds for solitons in
appropriate gauge theories coupled to sigma model matter in odd-spacetime
dimensions. This is the usual situation where instantons in an n-dimensional
theory can be thought of as static solitons of an (n+1)-dimensional theory.
In particular, there is a bound for the energy of static configurations of a
three-dimensional N = 2 supersymmetric gauge theory coupled to sigma
model matter. This new bound is an extension to gauged theories of the of
bounds found in [52] and generalizes that of [53].
Chapter 2
Sigma Models
A sigma model is defined by two manifolds: the worldspace (or superspace)
(Ξ, h), the target space (M,g) and the sigma model fields which are maps
φ : Ξ → M . The dimension of the sigma model is the dimension of Ξ; in
this chapter we will describe the cases dimΞ = 2 and dimΞ = 1.
2.1 Two dimensional sigma models
In the two dimensional case, sigma model fields are maps φ : Ξ→M where
dimΞ = 2. It is usual to take Ξ to be a flat Minkowski manifold with
coordinates xµ = (x, t) and metric ηµν because this represents objects with
string-like degrees of freedom; we can think of the timelike direction t as
proper time and the spacelike direction x as the degree of freedom along the
stringlike object.
Since the Lorentz group acts on Ξ it is convenient to use the null coor-
dinates (x+, x=) = (x + t, x − t); with this choice of parameterisation the
group action is diagonalised and the indices denote the Lorentz weights:
[M,v+] = +v+ [M,v=] = −v= (2.1.1)
where vµ is a vector and M is an infinitesimal Lorentz group generator. An
object is Lorentz invariant if its total weight is zero.
20
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2.1.1 The action
The fields of interest satisfy an action principle with action
S[φ] =
∫
Ξ
d2x gij(φ)∂+φ
i∂=φ
j (2.1.2)
where gij is the metric of the target space manifold M . This action is
invariant under the following transformations: (i) coordinate changes φi →
φ′i(φ) of the target manifold M , (ii) Lorentz transformations on Ξ, and (iii)
linear transformations of the field φ given by
x+ → x+ + α+
x= → x= + α= (2.1.3)
φi → φi − αµ∂µφi
where αµ = (α+, α=) is a real constant. The third set of transformations
are generated by the Noether charge Pµ = (P+, P=) associated with energy
and momentum, and is realised on φ by Pµ = (−∂+,−∂=). In fact the ac-
tion (2.1.2) is also invariant under conformal transformations α+ = α+(x+),
α= = α=(x=).
2.1.2 The Wess-Zumino term
It is natural to add torsion to the theories described above, as we shall
see this is essential in the formulation of certain supersymmetric theories.
Other applications of torsion include the cancellation of anomaly terms, see
for example [54].
The previous action with a Wess-Zumino term is
S[φ] =
∫
d2x (gij + bij)∂+φ
i∂=φ
j (2.1.4)
where bij is a two-form; the torsion of M is H = db.
The action with torsion (2.1.4) has the same invariances as before, ie.
under (i) coordinate changes of M , (ii) Lorentz transformations of Ξ, and
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(iii) linear translations of φ. However bij may change by a gauge trans-
formation when we move between coordinate patches on M . Therefore bij
and the action (2.1.4) may only be locally defined if the topology of M is
non-trivial. Note though that H = db is always globally defined. We discuss
this in the next section.
2.1.3 Global aspects of torsion
The equations of motion are globally defined because they depend on the
torsion H not the Wess-Zumino term b, which is locally defined. It is not
possible classically for the action of the Wess-Zumino term to be globally
defined. However in quantum theory, exp(iSE) must be globally defined,
where SE is the Euclidean action.
Choose a ‘background’ map φ0 : Ξ → M which is homotopic to the
sigma model map φ defined before. Then we define the Euclidean action of
the Wess-Zumino term as
SE[φ˜] =
∫
I×Ξ
φ˜∗H (2.1.5)
where φ˜ : I×Ξ→M , I is the interval I = [0, 1], and φ˜ are the interpolating
maps with φ˜(0, xµ) = φ0 and φ˜(1, x
µ) = φ(xµ).
SE depends on the choice of φ˜. To determine this dependence, take a
second homotopy φ˜′ between φ and φ0 and calculate the difference,
∆SE = SE [φ˜
′]− SE[φ˜] . (2.1.6)
This can be rewritten as
∆SE = SE[φ˜
′′] =
∫
S1×Ξ
φ˜′′∗H (2.1.7)
where
φ′′(t, xµ) =


φ(2t, xµ) 0 ≤ t ≤ 12
φ′(−2t+ 2, xµ) 12 ≤ t ≤ 1
(2.1.8)
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and satisfies φ′′(0, xµ) = φ′′(1, xµ) = φ0. The difference (2.1.8) is the integral
of a closed three-form over a compact three-manifold without boundary and
in general evaluates to a real number.
Therefore, if [H]/2π ∈ H3(M,Z) then ∆SE = 2πn where n is an integer,
so exp(iSE) will be independent of the choice of the interpolation between
φ0 and φ and so well-defined.
2.1.4 Supersymmetric sigma models
We will introduce supersymmetry through its algebra. Let Q be the Noether
(super)charge generating a supersymmetry, then the supersymmetry algebra
is
[Q,Q]+ = 2iP (2.1.9)
where the brackets are anticommutators. Note that Q must be anticommut-
ing (Grassman odd).
In components, P = (P+, P=) so Lorentz consistency requires that Q =
(Q+, Q−) with Lorentz weights +1/2,−1/2 respectively. Fields with an even
number of plus or minus signs are bosonic (commuting); those with an odd
number are fermionic (Grassman odd).
A (p, q) supersymmetric model has p left-handed supercharges Q+ and
q right-handed supercharges Q−. We will construct various (p, q) supersym-
metric models in the following sections.
2.1.5 (1,0) supersymmetric sigma models
In this section we will construct a two-dimensional sigma model which re-
alises the (1,0) supersymmetry algebra symmetry algebra
[Q+, Q+]+ = 2iP+ . (2.1.10)
We begin with the superspace Ξ1,0, which we take to be a supermanifold pa-
rameterised by (x+, x=, θ+) where (x+, x=) are the null coordinates defined
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in section 2.1 and θ+ is a real Grassman coordinate, which is anticommut-
ing and in particular (θ+)2 = 0. The index denotes the Lorentz weight, we
define an upper (±) index the same as a lower (∓) index.
The Grassman derivative ∂θ+ ≡ ∂∂θ+ satisfies ∂θ+θ+ = 1, and we define
the supercovariant derivative D+ by (D+)
2 = i∂+, in components this is
D+ =
∂
∂θ+
+ iθ+
∂
∂x+
. (2.1.11)
To construct the Noether charges, P is realised exactly as before, P =
(P+, P=) = (−∂+,−∂=). We may now define Q+ by the property that
[Q+,D+]+ = 0 , (2.1.12)
in components this is
Q+ =
∂
∂θ+
− iθ+ ∂
∂x+
. (2.1.13)
It may be checked that P+ and Q+ indeed obey the supersymmetry algebra
(2.1.10).
The two-dimensional (1,0) supersymmetric sigma model is defined by
the superspace (worldspace) Ξ1,0, the target manifold (M,g) and the sigma
model fields φ : Ξ1,0 →M . The fields satisfy an action principle with action
S = −i
∫
Ξ1,0
d2xdθ+ (gij + bij)D+φ
i∂=φ
j . (2.1.14)
The integral
∫
dθ+ = ∂θ+ is the standard Berezin integration (we remind
the reader that dθ+ has the opposite Lorentz weight to θ+); b is the Wess-
Zumino term of the previous section.
The action (2.1.14) is invariant under the three transformations before:
(i) coordinate changes ofM (up to gauge transformations of bij), (ii) Lorentz
transformations of Ξ1,0 and (iii) linear transformations of φ generated by
P . In addition, it is invariant under supersymmetries generated by Q+,
δǫφ
i = ǫ−Q+φ
i where ǫ− is a constant anticommuting parameter. To see
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this, set b = 0, apply δǫ to the fields, use [D+, Q+]+ = 0 and expand Q+ in
components to give
S = −i
∫
d2xdθ+ ǫ−
( ∂
∂θ+
− iθ+ ∂
∂x+
)
gijD+φ
i∂=φ
j . (2.1.15)
which evaluates to a surface term that vanishes. In general an integral over
the full superspace is manifestly supersymmetric.
For b 6= 0, under the conditions of section 2.1.3, the action may be
written globally as
S[φ] = −i
∫
d2xdθ+ gijD+φ
i∂=φ
j − i
∫
d2xdθ+dtHijk∂tφ˜
iD+φ˜
j∂=φ˜
k
(2.1.16)
which is manifestly supersymmetric.
It remains to describe the sigma model multiplet (superfield) φ =
φ(xµ, θ+). We calculate the Taylor expansion around θ+ = 0, which quickly
terminates to give
φi(xµ, θ+) = φi(xµ) + θ+λi+(x
µ) (2.1.17)
where the components are
φi(xµ) = φi(xµ, θ+)|θ+=0 λi+(xµ) = D+φi(xµ, θ+)|θ+=0 , (2.1.18)
which are the scalar and the fermion field. The fermion can be thought of
as the superpartner of φi.
Under the supersymmetry transformation,
δǫφ
i(xµ) = ǫ−λ
i
+(x
µ)
δǫλ
i
+(x
µ) = iǫ−∂+φ
i(xµ)
(2.1.19)
we see that supersymmetry swaps a field with its superpartner.
Evaluating the superspace integral in (2.1.14) gives the action for the
components,
S =
∫
d2x
(
(gij + bij)∂+φ
i∂=φ
j + igijλ
i
+∇(+)= λj+
)
, (2.1.20)
CHAPTER 2. SIGMA MODELS 26
where∇(+)= λi+ = ∇=λi++12H ijk∂=φjλk+, and∇ is the Levi-Civita connection;
we see that H is a torsion three-form.
2.1.6 (2,0) supersymmetry
Now we will construct the (2,0) supersymmetry algebra,
[Qp+, Qq+]+ = 2iδpqP+ (2.1.21)
where p, q = 0, 1. We begin with the sigma model from the previous section;
recall that Ξ1,0 = (x+, x=, θ+), φ : Ξ1,0 →M and that the action is
S = −i
∫
d2x (gij + bij)D+φ
i∂=φ
j . (2.1.22)
We note that φ has the same component expansion as before (2.1.18) because
it is defined in exactly the same way; the second supersymmetry will not
introduce any new fields.
We relabel the previous supercharge as Q0+ = Q+ and look for a second
supercharge of the form
Q1+φ
i = J ijD+φ
j . (2.1.23)
Lorentz covariance requires that J ij is a (1,1) tensor on M . We require that
Q1+ satisfies the supersymmetry algebra; we find
Q 21+ φ
i = (J ik,lJ
l
j − J ilJ lk,j)D+φjD+φk − iJ ijJ jkD+φk , (2.1.24)
and so closure of the algebra requires the constraints
J ijJ
j
k = −δik (2.1.25a)
N ijk ≡
1
4
(
J ik,lJ
l
j − J ilJ lk,j) = 0 , (2.1.25b)
where N is the Nijenhuis tensor. These conditions imply that J is a complex
structure, therefore (M,J) is a complex manifold; in particular its dimension
is even.
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Invariance of the action under the second supersymmetry requires that
gklJ
k
iJ
l
j = gij (2.1.26)
∇(+)i J jk = 0 . (2.1.27)
Therefore g is a Hermitian metric and J is covariantly constant with respect
to ∇(+) = ∇ + 12H, where ∇ is the Levi-Civita connection and H is the
torsion. This implies that M must be a KT (Ka¨hler with Torsion) manifold,
in particular ∇(+) has U(n) holonomy.
We observe that the amount of supersymmetry in the model constrains
the target space geometry. The converse is also true; given a complex
structure on a Hermitian manifold satisfying the constraints above, we can
construct a second supersymmetry, and this is a general feature of two-
dimensional supersymmetric sigma models.
We present a second, equivalent, formulation of the (2,0) model by in-
troducing the (2,0) superspace Ξ2,0 with coordinates (x+, x=, θ0+, θ1+); the
sigma model fields are now maps φ : Ξ2,0 →M . Supercovariant derivatives
D0+,D1+ are defined similarly to the (1,0) case (2.1.11) and satisfy
D 20+ = D
2
1+ = i∂+ [D0+,D1+]+ = 0 . (2.1.28)
We impose the constraint
D1+φ
i = J ijD0+φ
j (2.1.29)
on the superfields. The independent components of φ are then
φi = φi|θ+
0
=θ+
1
=0 λ
i
+ = D0+φ
i|θ+
0
=θ+
1
=0 , (2.1.30)
which correspond to those defined before in (2.1.18).
Consistency of the above constraint with (2.1.28) requires precisely the
conditions we had before for the closure of the algebra (2.1.25); therefore J
is a complex structure and M is a complex manifold.
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The supercharges Qp+ are defined by [Qp+,Dq+]+ = 0; with the above
constraint they are identical to those defined in the first part of this section,
and in particular satisfy the supersymmetry algebra.
The action is
S = −i
∫
d2xdθ0+ (gij + bij)D0+φ
i∂=φ
j , (2.1.31)
which is exactly as before (2.1.22) except that here the φi are (2,0) su-
perfields. Invariance of this action under supersymmetry is an identical
calculation to the previous case and leads to the same constraints (2.1.26);
in particular, M is a KT manifold.
2.1.7 (4,0) supersymmetry
The results of the previous section are readily generalised to the case when
we have more than two left-handed supersymmetries,
[Qp+, Qq+]+ = 2iδpqP+, p, q = 0, . . . , n− 1 . (2.1.32)
Let Ξ1,0 = (x+, x=, θ+) be the usual (1,0) superspace and φ : Ξ1,0 → M be
the sigma model field. We consider the supercharges
Q0+φ
i = Q+φ
i (2.1.33)
Qr+φ
i = J ir jD+φ
j (2.1.34)
where Q+ was defined in (2.1.13) and r = 1, . . . , n − 1. By an identical
calculation (2.1.25) to the previous section, the requirement that the super-
symmetry algebra is satisfied implies that each Jr is a complex structure.
An extra constraint arises because the Qr+ anticommute; this is
J ir kJ
k
s j + J
i
s kJ
k
r j = 0 . (2.1.35)
The action of the theory is
S = −i
∫
d2xdθ+ (gij + bij)D+φ
i∂=φ
j , (2.1.36)
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and as in the previous section, invariance of the action requires that
gklJ
k
r iJ
l
r j = gij (2.1.37)
∇(+)i J jr k = 0 . (2.1.38)
Therefore the metric is Hermitian with respect to each complex structure,
and each complex structure is covariantly constant. In particular, dimM =
4n and ∇(+) has Sp(n) holonomy.
From (2.1.35), if we have two complex structures J1 and J2, we may form
a third J3 = J1 · J2, so (3,0) supersymmetry implies (4,0) supersymmetry.
Furthermore, if there are more than three complex structures, then the
target manifold M is reducible [7]. Thus (4,0) supersymmetry is the only
additional interesting case, and the geometry of M is then HKT (Hyper-
Ka¨hler with Torsion); ie. there exists a metric connection with torsion
whose holonomy is Sp(n); dimM = 4n.
2.1.8 (1,1) supersymmetry
We will now generalise the analysis of section 2.1.5 to have two supercharges
of opposite chirality. The supersymmetry algebra is
[Q+, Q+]+ = 2iP+ [Q−, Q−]+ = 2iP= (2.1.39)
[Q+, Q−]+ = 0 . (2.1.40)
We define the (1,1) superspace Ξ1,1 = (x+, x=, θ+, θ−) where (x+, x=) are
the null coordinates defined in section 2.1 and θ+, θ− are Grassman coordi-
nates of opposite chirality. We define the supercovariant derivatives D+,D−
by D 2+ = i∂+, D
2
− = i∂= and [D+,D−]+ = 0; their component expansion
is
D+ =
∂
∂θ+
+ iθ+
∂
∂x+
, (2.1.41)
D− =
∂
∂θ−
+ iθ−
∂
∂x=
. (2.1.42)
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The Noether supercharges are defined so that [Q+,D±]+ = 0 and
[Q−,D±]+ = 0; their expansions in components are
Q+ =
∂
∂θ+
− iθ+ ∂
∂x+
, (2.1.43)
Q− =
∂
∂θ−
− iθ− ∂
∂x=
(2.1.44)
and it may be checked that P+, P=, Q+ and Q− obey the supersymmetry
algebra (2.1.39).
The two dimensional (1,1) supersymmetric sigma model is defined by
the superspace Ξ1,1, the target manifold (M,g) and sigma model maps φ :
Ξ1,1 →M which satisfy an action principle with action
S =
∫
d2xdθ+dθ−
(
(gij + bij)D+φ
iD−φ
j
)
. (2.1.45)
This action is invariant under (i) coordinate changes of M (modulo gauge
transformations of b), (ii) Lorentz transformations of Ξ1,1 and (iii) the trans-
formations of the fields generated by translations and supertranslations, ie.
δαφ
i = α+P+φ
i + α=P=φ
i (2.1.46)
δǫφ
i = ǫ+Q+φ
i + ǫ−Q−φ
i (2.1.47)
where αµ is an infinitesimal (bosonic) constant and ǫ+, ǫ− are constant
Grassman parameters. To show that this is the case, (i) and (ii) are mani-
fest; for part (iii), invariance under P+, P= follows similarly to section 2.1.1
and invariance under Q± follows from a similar calculation to (2.1.15).
The new right-handed supersymmetry introduces a second fermion to
the theory to the sigma model multiplet; φ now has the components
φi = φi| F i = ∇(+)+ D−φi| (2.1.48)
λi+ = D+φ
i| λi− = D−φi+| (2.1.49)
where the vertical line denotes evaluation at θ+ = θ− = 0.
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The action in components is
S =
∫
d2x
(
(gij + bij)∂+φ
i∂=φ
j + igijλ
i
+∇(+)= λj+ + igijλi−∇(−)= λj−
− gijF iF j − 1
2
R
(+)
ijklλ
i
+λ
j
+λ
k
−λ
l
−
)
,
(2.1.50)
where ∇(±) = ∇± 12H,
R
(+)
ijkl = Rijkl + ∂iHjkl − ∂jHikl +HmjlHmik −HmilHmjk (2.1.51)
is the curvature of ∇(+) and Rijkl is the Riemann tensor. We may eliminate
F from the above action because its equation of motion is F = 0.
The components transform under the supersymmetry transformations as
δǫφ
i = ǫ+λi+ + ǫ
−λi− (2.1.52)
δǫλ
i
+ = iǫ
+∂+φ
i + ǫ−
(
Γijk +
1
2
H ijk
)
λj+λ
k
− (2.1.53)
δǫλ
i
− = −ǫ+
(
Γijk +
1
2
H ijk
)
λj+λ
k
− + iǫ
−∂=φ
i , (2.1.54)
where we have eliminated the field F .
2.1.9 (2,1) supersymmetry
The (2,1) supersymmetry algebra is
[Qp+, Qq+]+ = 2iδpqP+ [Q−, Q−]+ = 2iP= (2.1.55)
where p, q = 0, 1 and all other brackets vanish. We recall the definition
of the (1,1) supersymmetric sigma model and relabel the supercharge as
Q0+ = Q+. The second supersymmetry is defined to be
Q1+φ
i = J ijD+φ
j . (2.1.56)
To satisfy the supersymmetry algebra, we must impose the same conditions
on J as the (2,0) case (2.1.25), ie. that J is a complex structure. Invariance
of the action
S =
∫
d2xdθ+dθ− (gij + bij)D+φ
iD−φ
j (2.1.57)
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requires that g is Hermitian with respect to J and that J is covariantly
constant, ie.
gklJ
k
iJ
l
j = gij ∇(+)i J jk = 0 . (2.1.58)
Therefore M is a KT manifold.
The component form of the action (2.1.57) was given in the previous
section (2.1.50).
A second equivalent formulation is to define the (2,1) superspace Ξ2,1
with coordinates (x+, x=, θ+0 , θ
+
1 , θ
−). Supercovariant derivatives Dp+, D−
are defined to satisfy
D 20+ = D
2
1+ = i∂+ [D0+,D1+]+ = 0 [Dp+,D−]+ = 0 ; (2.1.59)
we constrain the sigma model maps φ : Ξ2,1 →M by
D1+φ
i = J ijD0+φ
j . (2.1.60)
Consistency of this constraint with the algebra (2.1.59) of supercovariant
derivatives requires that J is a complex structure; invariance of the ac-
tion (2.1.57) requires precisely the same constraints as before (2.1.58), which
imply that M is a KT manifold.
We observe how the torsion of the theory allows us to define theories with
differing numbers of right and left handed supersymmetries. For suppose we
look for an additional right handed supersymmetry,
Q1−φ
i = KijD−φ
j . (2.1.61)
The supersymmetry algebra and invariance of the action then imply the
conditions
KijK
j
k = −δik (2.1.62)
N ijk ≡
1
4
(
Kik,lK
l
j −KilK lk,j) = 0 (2.1.63)
gklK
k
iK
l
j = gij (2.1.64)
∇(−)i Kjk = 0 . (2.1.65)
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If the torsion vanishes, H = 0, the last condition above becomes ∇iKjk = 0
which is satisfied by taking K = J ; therefore it is not necessary to intro-
duce a second complex structure K. Hence on a Ka¨hler manifold, (2,1)
supersymmetry implies (2,2) supersymmetry.
We note that (2,2) supersymmetry on a KT manifold M requires two
commuting complex structures J and K; in this case we can form a product
structure Πij = J
i
kK
k
j; using Π we may decompose M to be diffeomorphic
(but not isometric) to product of two manifolds, M1 ×M2 where M1 and
M2 are both KT. This allows the introduction of twisted multiplets, see for
example [38].
2.1.10 (4,1) supersymmetry
The results of the previous section are readily generalised to the case when
we have two or more left handed supersymmetries (and one right handed
supersymmetry). From the section on (4,0) supersymmetry, we know that
the only interesting case will be (4,1) supersymmetry.
The (4,1) supersymmetry algebra is
[Qp+, Qq+]+ = 2iδpqP+ [Q−, Q−]+ = 2iP= (2.1.66)
where p, q = 0, . . . , 3. We define the (4,1) superspace Ξ4,1 with coordinates
(x+, x=, θ+p , θ−); the sigma model fields are maps φ : Ξ
4,1 → M . We define
the supercovariant derivatives Dp+,D− to satisfy
D 2p+ = i∂+ [Dp+,Dq+]+ = 0 [Dp+,D−]+ = 0 (2.1.67)
and impose the following constraint on the sigma model fields,
Dr+φ
i = J ir jD0+φ
j r = 1, 2, 3 . (2.1.68)
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The supercharges are
Q0−φ
i =
(
∂θ0− − iθ−0 ∂=)φi (2.1.69)
Q0+φ
i =
(
∂θ0+ − iθ+0 ∂+)φi (2.1.70)
Qr+φ
i = J ir jD0+φ
j (2.1.71)
where r = 1, 2, 3. The supercharges obey the supersymmetry algebra if and
only if the algebra of supercovariant derivatives is satisfied; for this to hold
we require
N ir jk ≡
1
4
(
J ir k,lJ
l
r j − J ir lJ lr k,j) = 0
J ir kJ
k
s j + J
i
s kJ
k
r j = −2δrsδij .
(2.1.72)
Therefore the Jr are anticommuting complex structures.
The action is
S =
∫
d2xdθ+0 dθ
− (gij + bij)D+φ
iD−φ
j ; (2.1.73)
invariance of the action requires that g is Hermitian with respect to each Jr
and that each Jr is covariantly constant,
gklJ
k
iJ
l
j = gij ∇(+)i J jk = 0 . (2.1.74)
Therefore M is a HKT manifold. We note that the torsion vanishes, H = 0,
then we would be able to construct (4,4) supersymmetry in a similar way
to the previous section.
2.2 One dimensional sigma models
Let Σ1 be one dimensional N = 1 superspace with coordinates (t, θ) where
where t is a real coordinate and θ is a Grassman coordinate. A one dimen-
sional N = 1 sigma model superfield is a map q : Σ1 → M where (M,g)
is the target manifold; q can be thought of as a point particle with proper
time t.
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We introduce a second fermionic superfield χa(t, θ) which is defined to
be a section of the bundle q∗ǫ over Σ1, where ǫ is the real vector bundle over
M . It can be thought of as the Yang-Mills sector, and is used for example
to introduce a potential into the model, see for example [11].
We define the supercovariant derivative D by the property D2 = ∂ where
∂ = ∂
∂t
, in components
D =
∂
∂θ
+ θ
∂
∂t
. (2.2.1)
Let hab be the fibre metric and B
a
i b the connection of the bundle. We define
the covariant derivative
∇χa = Dχa +DqiB ai bχb ; (2.2.2)
without loss of generality we may assume that the fibre metric hab is com-
patible with the connection, ∇ihab = 0.
The two multiplets satisfy an action principle with action
S = −
∫
dtdθ
(1
2
gijDq
i∂qj +
1
3!
cijkDq
iDqjDqk − 1
2
habχ
a∇χb) . (2.2.3)
if c is closed then it may be interpreted as the torsion of M , however we will
make no such restriction.
The action is invariant under (i) reparameterisations of the superspace
Σ1, (ii) reparameterisations of the target manifold M and (iii) linear trans-
lations of the field given by
t→ t+ α (2.2.4)
q → q − α∂tq (2.2.5)
where α is real and constant; these transformations generate the Noether
charge P = ∂ associated with energy. The action is also invariant under
supersymmetry generated by the supercharge Q defined by [Q,D]+ = 0, in
components this is
Q =
∂
∂θ
+ θ
∂
∂t
(2.2.6)
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and acts on the fields as δǫφ
i = ǫQφi, δǫχ
a = ǫQχa, where ǫ is an constant
Grassman parameter.
Taking the commutator of two such transformations,
[δζ , δη ]q
µ = 2ζηq˙µ = 2ζηPqµ . (2.2.7)
which shows that Q and P satisfy the supersymmetry algebra,
[Q,Q]+ = 2iP . (2.2.8)
We expand the action in components defined by
qi = qi| χa = χa| (2.2.9)
λi = Dqi| ya = ∇χa| (2.2.10)
where the line means evaluation at θ = 0. We are following the standard
convention of using the same letter for a superfield and its lowest compo-
nent. The field ya is auxiliary and we will eliminate it later. Expanding the
action (3.1.1) into component form, we find that
S =
∫
dt
(1
2
gij q˙
iq˙j +
1
2
gijλ
i∇(+)t λj −
1
2
haby
ayb − 1
2
habχ
a∇tχb
+
1
4
Gijabλ
iλjχaχb +
1
3!
∇[icjkl]λiλjλkλl
) (2.2.11)
where Gijab is the curvature of the vector bundle connection B
a
i b,
G aij b = ∂iB
a
j b − ∂jB ai b +B ai cB cj b −B aj cB ci b (2.2.12)
and ∇(+) is the covariant derivative including the c term,
∇(+)t λi = ∇tλi +
1
2
cijkq˙
jλk (2.2.13)
The N = 1 supersymmetry transformations of the component fields are
δǫq
i = ǫλi (2.2.14)
δǫλ
i = −ǫq˙i (2.2.15)
δǫχ
a = ǫ(ya − λiB ai bχb) (2.2.16)
δǫy
a = −ǫ(∇tχa + λiB ai byb) +
1
2
ǫλiλjχbG aij b (2.2.17)
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Extended supersymmetries, where there are N > 1 supercharges may be
constructed in the same way as for two dimensional sigma models. We com-
ment that the resulting models are broadly similar to the two dimensional
case, except that the resulting geometry of the target manifold M is not so
tightly constrained. For example, in [18] an N = 3 multiplet is constructed
which does not imply N = 4, and N = 2 models are defined on manifolds
with foliations.
Chapter 3
Spinning particles and
Supergravity
3.1 The N = 1 supersymmetric action
The most general N = 1 spinning particle action with rigid supersymmetry
is [55],
S = −
∫
dt dθ
[
1
2
gµνDq
µ∂tq
ν − 1
2
hαβχ
α∇χβ + 1
3!
cµνρDq
µDqνDqρ
+
1
2
mµαβDq
µχαχβ +
1
2
nµναDq
µDqνχα +
1
3!
lαβγχ
αχβχγ
− fµα∂tqµχα +AµDqµ +msαχα
]
(3.1.1)
We recall the definitions from the previous chapter; D = ∂θ − θ∂t and
∇χα = Dχα +DqµB αµ βχβ (3.1.2)
where B αµ β is a connection of the bundle ǫ with fibre metric hαβ . We
may assume that the fibre metric hαβ is compatible with the connection,
∇µhαβ = 0.
The action includes the c-term cµνρ and an electromagnetic potential Aµ.
38
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The potential of the theory is described in terms of sα [25], V (q) = msαs
α/2.
Also present are the Yukawa couplings mµαβ , nµνα, lαβγ and fµα.
The action is invariant under worldline translations generated byH = ∂t,
δ(H)ǫ q
µ = ǫq˙µ δ(H)ǫ χ
µ = ǫχ˙µ (3.1.3)
and supersymmetry transformations generated by Q = ∂θ + θ∂t,
δζq
µ = ζQqµ δζχ
α = ζQχα (3.1.4)
where ζ is anticommuting. These two transformations satisfy the N = 1
supersymmetry algebra {Q,Q} = 2H.
We expand the action in components defined by
qµ = qµ| χα = χα| (3.1.5)
λµ = Dqµ| yα = ∇χα| (3.1.6)
Expanding the action (3.1.1) into component form, we find that
S =
∫
dt
[
1
2
gµν q˙
µq˙ν +
1
2
gµνλ
µ∇(+)t λν −
1
2
hαβy
αyβ − 1
2
hαβχ
α∇tχβ
+
1
4
Gµναβλ
µλνχαχβ − 1
3!
∇[µcνρσ]λµλνλρλσ
+
1
2
mµαβ q˙
µχαχβ +mµαβλ
µyαχβ − 1
2
∇[µmν]αβλµλνχαχβ
+ nµναq˙
µλνχα − 1
2
nµναλ
µλνyα − 1
2
∇[µnνρ]αλµλνλρχα
− 1
2
lαβγχ
αχβyγ − 1
3!
∇µlαβγλµχαχβχγ
+ fµαq˙
µyα + fµαλ˙
µχα +∇µfναλµq˙νχα
+Aµq˙
µ −∇[µAν]λµλν −msαyα −m∇µsαλµχα
]
(3.1.7)
where Gµναβ is the curvature of the vector bundle connection B
α
µ β,
G αµν β = ∂µB
α
ν β − ∂νB αµ β +B αµ γB γν β −B αν γB γµ β (3.1.8)
and ∇(+) is the covariant derivative including the c-term,
∇(+)t λµ = ∇tλµ −
1
2
cµνρq˙
νλρ (3.1.9)
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The N = 1 supersymmetry transformations of the component fields are
δζq
µ = ζλµ (3.1.10)
δζλ
µ = −ζq˙µ (3.1.11)
δζχ
α = ζ(yα − λµB αµ βχβ) (3.1.12)
δζy
α = −ζ(∇tχα + λµB αµ βyβ) +
1
2
ζλµλνχβG αµν β (3.1.13)
3.2 Supergravity in one dimension
To construct the N = 1 supergravity action, we gauge the rigid supersym-
metry by promoting the supersymmetry parameter ζ to a local parameter,
ζ = ζ(t). In general this will destroy invariance of (2.2.11) under supersym-
metry, because we will get terms proportional to ζ˙. Therefore it is necessary
to introduce gauge fields whose transformations will cancel with the ζ˙ terms
arising from varying (2.2.11).
The method to find how these fields appear in the action, and their
transformations, is the Noether technique.
To illustrate this technique we will gauge the supersymmetry for a simple
Lagrangian in flat space, reproducing the results of [12, 13].
L0 = 1
2
ηµν q˙
µq˙ν +
1
2
ηµνλ
µλ˙ν (3.2.1)
Taking the supersymmetry transformation, with ζ = ζ(t),
δζL0 = ζ˙ηµνλµq˙ν (3.2.2)
up to surface terms, which vanish in the action. To cancel (3.2.2), consider
the Lagrangian to first order in a parameter g,
L1 = L0 + gψηµνλµq˙ν (3.2.3)
where ψ is a gauge field with δζψ = −g−1ζ˙. Then the variation of the new
Lagrangian vanishes to zeroth order in g.
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Continuing this process for all orders of g, the Noether technique gives
L = 1
2
e−1ηµν q˙
µq˙ν +
1
2
ηµνλ
µλ˙ν + ge−1ψηµν q˙
µλν (3.2.4)
which is precisely the result of [12]. It proves necessary to introduce a second
gauge field e which transforms under local supersymmetry as δζe = 2ζψ. It
is an einbein which is the gauge field associated with the diffeomorphisms
of the worldline.
It is also necessary to modify the transformation for λµ to
δζλ
µ = −e−1ζ(q˙µ + gψλµ) (3.2.5)
Applying the Noether method to (3.1.7), the N = 1 supergravity action is
S =
∫
dt
[
1
2
e−1gµν(q˙
µ + ψλµ)(q˙ν + ψλν) +
1
2
gµνλ
µ∇tλν
− 1
2
ehαβy
αyβ − 1
2
hαβχ
α∇tχβ
+
1
4
eGµναβλ
µλνχαχβ
+
1
2
cµνρ(q˙
µ +
2
3
ψλµ)λνλρ − 1
3!
e∇[µcνρσ]λµλνλρλσ
+
1
2
mµαβ q˙
µχαχβ + emµαβλ
µyαχβ − 1
2
e∇[µmν]αβλµλνχαχβ
+ nµνα(q˙
µ +
1
2
ψλµ)λνχα − 1
2
enµναλ
µλνyα − 1
2
e∇[µnνρ]αλµλνλρχα
− 1
2
elαβγχ
αχβyγ − 1
3!
ψlαβγχ
αχβχγ − 1
3!
e∇µlαβγλµχαχβχγ
+ fµα(q˙
µ + ψλµ)yα + fµαλ˙
µχα +∇µfναλµ(q˙ν + ψλν)χα
+Aµq˙
µ − e∇[µAν]λµλν
−msα(eyα + ψχα)− em∇µsαλµχα
]
(3.2.6)
We observe that the Lagrangian is not obtained by the simple minimal
coupling rule q˙µ → q˙µ + ψλµ.
The geometric interpretation of the couplings with the above action is
manifest. The above action is similar to that of models with rigid super-
symmetry in [18].
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After various redefinitions of the couplings and the fields, one can recover
the action constructed in [56] in the special case where fµα = 0. However,
if fµα 6= 0 then (3.2.6) is more general.
The N = 1 supersymmetry transformations for the components fields
become
δζq
µ = ζλµ (3.2.7)
δζλ
µ = −ζe−1(q˙µ + ψλµ) (3.2.8)
δζχ
α = ζ(yα − λµB αµ βχβ) (3.2.9)
δζy
α = −e−1ζ(∇tχα + ψyα)− ζλµB αµ βyβ +
1
2
ζλµλνχβG αµν β (3.2.10)
The einbein e and gravitino ψ transform as
δζe = 2ζψ, δζψ = −ζ˙ (3.2.11)
Checking the algebra of the new transformations (3.2.7),
[δζ , δη ]q
µ = 2e−1ζη(q˙µ + ψλµ) [δζ , δη]λ
µ = 2e−1ζη(λ˙µ − e−1ψq˙)
(3.2.12)
= 2e−1(δ
(H)
ζη + δζηψ)q
µ = 2e−1(δ
(H)
ζη + δζηψ)λ
µ
(3.2.13)
from which we obtain
[δζ , δη ] = 2e
−1(δ
(H)
ζη + δζηψ) (3.2.14)
and the same is true on the components χα, yα.
For invariance of (3.2.6) under worldline diffeomorphisms, we need to
specify the action of δ
(H)
ǫ on the einbein and the gravitino,
δ(H)ǫ e = ∂t(ǫe) δ
(H)
ǫ ψ = ∂t(ǫψ) (3.2.15)
and those for qµ, λµ, χα and yα are unchanged.
CHAPTER 3. SPINNING PARTICLES AND SUPERGRAVITY 43
3.3 Hamiltonian Analysis
To investigate the Hamiltonian dynamics of the system described by (3.3.2),
we follow the Dirac-Bergman procedure [57] to analyse the constraints. This
will be important when we come to quantise the system in the next section.
At this stage we introduce vielbeins e iµ , f aα so that gµν = ηije
i
µ e
j
ν and
hαβ = ηabf
a
α f
b
β where ηij and ηab are the flat metrics on the manifold and
vector bundle respectively. We will use latin letters for vielbein indices and
greek letters otherwise. We take
λi = e iµ λ
µ, χa = f aα χ
α (3.3.1)
as our new fermion fields. This ensures that in the next section, the Dirac
brackets, hence commutation relations, between p and the fermions are zero.
In the following analysis it is also necessary to set the Yukawa coupling
fµα = 0.
Adopting this notation, and eliminating the auxiliary field yα from (3.1.7)
using its equation of motion, gives the action
S =
∫
dt
[
1
2
gµνe
−1(q˙µ + ψeµiλ
i)(q˙ν + ψeνjλ
j) +
1
2
ηijλ
i∇tλj − 1
2
ηabχ
a∇tχb
+
1
2
ehabY
aY b +
1
4
eGijabλ
iλjχaχb
+
1
2
cijk(e
i
µ q˙
µ +
2
3
ψλi)λjλk − 1
3!
eeµ[i|∇µc|jkl]λiλjλkλl
+
1
2
mµabq˙
µχaχb − 1
2
eeµ
[i|
∇µm|j]abλiλjχaχb
+ nija(e
i
µ q˙
µ +
1
2
ψλi)λjχa − 1
2
eeµ[i|∇µn|jk]aλiλjλkχa
− 1
3!
ψlabcχ
aχbχc − 1
3!
eeµi∇µlabcλiχaχbχc
+Aµq˙
µ − eeµ[i|∇µA|j]λiλj − ψmsaχa − emeµi∇µsaλiχa
]
(3.3.2)
where for convenience we define
Ya = miabλ
iχb − 1
2
nijaλ
iλj − 1
2
labcχ
bχc −msa (3.3.3)
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and the two covariant derivatives are with respect to the spin connection
ω kµ l on the manifold and the spin connectionΩ
a
µ b on the vector bundle,
∇tλi = ∂tλi + q˙µω iµ kλk (3.3.4)
∇tχa = ∂tχa + q˙µΩ aµ bχb (3.3.5)
The canonical momenta for λi and qi are
πi = −1
2
ηijλ
j (3.3.6)
pµ = e
−1gµν(q˙
ν + ψeνiλ
i) +
1
2
ωµjkλ
jλk − 1
2
Ωµabχ
aχb
+
1
2
e iµ cijkλ
jλk +
1
2
mµabχ
aχb + e iµ nijaλ
jχa +Aµ
(3.3.7)
respectively. Similarly the canonical momenta for χa, e and ψ are
πχa =
1
2
ηabχ
b, πe = 0, πψ = 0 (3.3.8)
Clearly the system is constrained, as would be expected. The explicit con-
straints are
φi = πi +
1
2
ηijλ
j ≈ 0 φχa = πχa − 1
2
ηabχ
b ≈ 0 (3.3.9)
φe = πe ≈ 0 φψ = πψ ≈ 0 (3.3.10)
where the ≈ denotes weak equality, in other words equality up to polynomial
combinations of the other constraints.
The constrained Hamiltonian can then be found to be
Hc = 1
2
eηijP
iP j − ψλi(Pi + 1
3
cijkλ
jλk +
1
2
nijaλ
jχa)
− 1
2
eηabY
aY b − 1
4
eGijabλ
iλjχaχb
+
1
3!
eeµ[i|∇µc|jkl]λiλjλkλl +
1
2
eeµ[i|∇µm|j]abλiλjχaχb
+
1
2
eeµ[i|∇µn|jk]aλiλjλkχa +
1
3!
eeµi∇µlabcλiχaχbχc
+
1
3!
ψlabcχ
aχbχc + eeµ[i|∇µA|j]λiλj
+mψsaχ
a + eeµi∇µmsaλiχa
(3.3.11)
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where Y a was defined in (3.3.3) and
Pi = e
µ
ipµ −
1
2
ωijkλ
jλk +
1
2
Ωiabχ
aχb
− 1
2
cijkλ
jλk − 1
2
miabχ
aχb − nijaλjχa −Ai
(3.3.12)
The primary Hamiltonian is defined to be
Hp = Hc + φiui + φχau aχ + φeue + φψuψ (3.3.13)
where the u are all Lagrange multipliers (and ui, u aχ , uψ are anticommut-
ing).
We require that the constraints (3.3.9) hold for all time,
φ˙i = {φi,Hp} ≈ 0 φ˙χa = {φχa,Hp} ≈ 0 (3.3.14)
φ˙e = {φe,Hp} ≈ 0 φ˙ψ = {φψ,Hp} ≈ 0 (3.3.15)
Each condition either determines a multiplier or leads to a new constraint.
We assume the canonical Poisson brackets
{qµ, pν} = δµν (3.3.16)
{χa, πχb} = −δab (3.3.17)
{λi, πj} = −δij (3.3.18)
{e, πe} = 1 (3.3.19)
{ψ, πψ} = −1 (3.3.20)
Imposing (3.3.15) requires the secondary constraints
ϕe =
1
2
ηijP
iP j − 1
2
ηabY
aY b − 1
4
Gijabλ
iλjχaχb
+
1
3!
eµ[i|∇µc|jkl]λiλjλkλl + eµ[i|∇µA|j]λiλj
+meµi∇µsaλiχa +
1
2
eµ[i|∇µm|j]abλiλjχaχb
+
1
2
eµ[i|∇µn|jk]aλiλjλkχa +
1
3!
eµi∇µlabcλiχaχbχc
(3.3.21)
ϕψ = λ
i(Pi +
1
3
cijkλ
jλk +
1
2
nijaλ
jχa)− 1
3!
labcχ
aχbχc −msaχa (3.3.22)
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In fact these are the charges of H,Q respectively. It can be checked that
both of these are conserved over time,
{ϕe,Hp} ≈ 0 {ϕψ,Hp} ≈ 0 (3.3.23)
so they give rise to no new constraints.
The remaining conditions (3.3.14) determine
ui = eηij{ϕe, φj}+ ψηij{ϕψ , φj} (3.3.24)
u aχ = −eηab{ϕe, φχb} − ψηab{ϕψ , φχb} (3.3.25)
Observe that the constrained Hamiltonian Hc can be written in terms
of the secondary constraints
Hc = ϕee+ ϕψψ (3.3.26)
Essentially this is because ϕe = {πe,Hc} and ϕψ = {πψ,Hc} and the Hamil-
tonian Hc is linear in the gauge fields e and ψ.
3.4 Quantisation
We observe that the constraints φi and φχa are both second class, whereas
φe (3.4.1)
φψ (3.4.2)
ϕ′e = ϕe + η
ij{ϕe, φi}φj − ηab{ϕe, φχa}φχb (3.4.3)
ϕ′ψ = ϕψ + η
ij{ϕψ , φi}φj − ηab{ϕψ , φχa}φχb (3.4.4)
are all first class. Defining the Dirac bracket as
{A,B}D = {A,B}+ ηij{A,φi}{φj , B} − ηab{A,φχa}{φχb, B} (3.4.5)
then Poisson brackets between the primed constraints are weakly equal to
Dirac brackets between the original unprimed constraints.
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The extra terms on the right of (3.4.5) give rise to new relations
{λi, λj}D = ηij (3.4.6)
{χa, χb}D = −ηab (3.4.7)
We can check that the N = 1 supersymmetry algebra is still obeyed,
{ϕ′ψ , ϕ′ψ} ≈ {ϕψ , ϕψ}D = 2ϕe ≈ 0 (3.4.8)
and that all the brackets between secondary constraints vanish,
{φe, ϕ′e} ≈ {φe, ϕe}D = 0 {φψ, ϕ′ψ} ≈ {φψ, ϕψ}D = 0 (3.4.9)
{ϕ′e, ϕ′e} ≈ {ϕe, ϕe}D = 0 {ϕ′e, ϕ′ψ} ≈ {ϕe, ϕψ}D = 0 (3.4.10)
The Hamiltonian can be written in terms of these first class constraints.
From (3.3.24) and (3.3.26),
Hp = ϕee+ ϕψψ + φeue + φψuψ (3.4.11)
so it is vanishing weakly, as is expected for a gravitational system.
In Dirac’s process of quantisation, fields become operators acting on
some Hilbert space and second class constraints are imposed as operator
conditions on the states. First class constraints generate unphysical degrees
of freedom, so it is necessary to fix a gauge,
e = 1 ψ = 0 (3.4.12)
Moving over to the quantised system, Dirac brackets become (anti) com-
mutation relations. One realisation of this algebra is using the standard
Clifford algebra generators
{γi, γj} = 2ηij {γa, γb} = 2ηab (3.4.13)
If the dimension of the manifold is even, for example d = 4, then we have
an element of the algebra, γd+1, satisfying (γd+1)2 = −1 and {γd+1, γi} = 0
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so the following realisation exists,
λˆi =
1√
2
γi ⊗ 1 χˆa = 1√
2
γd+1 ⊗ γa (3.4.14)
The γd+1 ensures that λˆi and χˆa anticommute.
If the manifoldM is not even dimensional then the following realisation
may be used,
λˆi =
1
2
γi ⊗ 1⊗ σ1 χˆa = 1
2
1⊗ γa ⊗ σ2 (3.4.15)
where σi are the Pauli spin matrices which satisfy {σi, σj} = 2δij . For the
N -extended case, see for example [58].
In the following we will assume that the dimension ofM is even and use
the first realisation given. Then the second class constraints are imposed as
conditions on physical states,
Qˆ|phys〉 = 0 Hˆ|phys〉 = 0 (3.4.16)
where
Qˆ = − 1√
2
(γi ⊗ 1)eµi
∂
∂qµ
− 1
4
√
2
ωijk(γ
iγjk ⊗ 1)− 1
4
√
2
Ωiab(γ
i ⊗ γab)
+
1
12
√
2
cijk(γ
ijk ⊗ 1)− 1
4
√
2
miab(γ
i ⊗ γab)− 1
4
√
2
nija(γ
ijγd+1 ⊗ γa)
− 1√
2
Ai(γ
i ⊗ 1) + 1
12
√
2
labc(γ
d+1 ⊗ γabc)− 1√
2
msa(γ
d+1 ⊗ γa) (3.4.17)
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Hˆ =
1
2
ηijPˆ
iPˆ j − 1
2
ηabYˆ
aYˆ b +
1
16
Rijkl(γ
ijγkl ⊗ 1) + 1
16
Gijab(γ
ij ⊗ γab)
+
1
24
eµ[i|∇µc|jkl](γijkl ⊗ 1)−
1
8
eµ[i|∇µm|j]ab(γij ⊗ γab)
+
1
8
eµ[i|∇µn|jk]a(γijkγd+1 ⊗ γa)−
1
24
eµi∇µlabc(γiγd+1 ⊗ γabc)
+
1
2
eµ[i|∇µA|j](γij ⊗ 1) +
1
2
meµi∇µsa(γiγd+1 ⊗ γa)
− ωmimeµi
∂
∂qµ
− 1
8
ωmimωikl(γ
kl ⊗ 1)
− 1
2
Γµνρg
νρ ∂
∂qµ
+
1
24
cijkcijk − 1
24
labclabc
− 1
16
cijkω
mi
m(γ
jk ⊗ 1)− 1
8
nijaω
mi
m(γ
jγd+1 ⊗ γa) + 1
8
miabω
mi
m(1⊗ γab)
(3.4.18)
The new terms which appear here include a Riemann tensor which vanishes
classically because it is contracted with four fermions, and several terms
involving a trace of the connection which arise because of the way we have
chosen to order the equation.
In (3.4.17) and (3.4.18) we have defined as usual
Pˆi = − eµi
∂
∂qµ
− 1
4
ωijk(γ
jk ⊗ 1)− 1
4
Ωiab(1⊗ γab)
− 1
4
cijk(γ
jk ⊗ 1) + 1
4
miab(1⊗ γab)− 1
2
nija(γ
jγd+1 ⊗ γa)−Ai
(3.4.19)
and
Yˆa =
1
2
miab(γ
iγd+1⊗γb)−1
4
nija(γ
ij⊗1)+1
4
labc(1⊗γab)−msa(1⊗1) (3.4.20)
It can be checked that
{Qˆ, Qˆ} = 2Hˆ (3.4.21)
the familiar result that the square of the Dirac operator gives the Klein
Gordon equation.
Finally we note that it is not always the case that the system will have
physical states. This is because manifolds exist for which the Dirac-like
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operators do not have zero modes. However it is expected that most models
will have a physical Hilbert space which is non-empty.
To see this, consider the case where the supersymmetry charge is the
Dirac operator ∇/ . Then
∇/ 2 = −∇2 + 1
4
R (3.4.22)
where R is the Ricci scalar. A physical state satisfies ∇/ ψ = 0. Such a state
cannot exist if R > 0, because the following partial integration argument.
∫
(ψ, (−∇2 + 1
4
Rψ) =
∫
[(∇ψ,∇ψ) + 1
4
R(ψ,ψ)] > 0 (3.4.23)
Thus (−∇2 + 14R)ψ 6= 0 and so ψ cannot solve the Dirac equation, on the
assumption that M is compact and without boundary.
However solutions exist if R is negative or indefinite.
Chapter 4
Equivariant Cohomology
4.1 Equivariant cohomology
Equivariant cohomology arises when the sigma model manifold M admits
a Lie group action with gauge group G. We shall see that it generalises
the de Rham complex Ω∗(M) to the complex Ω∗
g
(M) which can be thought
of as the space of gauge invariant forms generated by Ω∗(M), the gauge
field A and field strength F , and therefore provides a natural framework
for understanding the conditions needed in the gauging of forms, see for
example [41, 40]. In this chapter we will summarise some of the facts about
equivariant cohomology that we shall use later.
4.1.1 Definition
Let M be a manifold which admits an action by a group G. The equivariant
cohomology H∗G of M is defined as the de Rham cohomology of MG =
(EG ×M)/G where EG is the universal bundle over the classifying space
of the group G, ie.
H∗G(M) ≡ H∗(MG) . (4.1.1)
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If G acts freely on M , then
EG →֒MG →M/G (4.1.2)
is a fibration. Since EG is contractible, it follows that
H∗G(M) = H
∗(M/G) , (4.1.3)
ie. the equivariant cohomology of M is identified with the standard coho-
mology of M/G.
In the other extreme, M is a point M = {p}, and we have MG = BG
where BG is the classifying space G →֒ EG→ BG. Thus
H∗G(M) = H
∗(BG) . (4.1.4)
In general there are many ways to compute the equivariant cohomol-
ogy. For example, one such method is the use of spectral sequences for the
fibrations
M →֒MG → BG . (4.1.5)
However for many applications a de Rham version of the equivariant coho-
mology is needed. Such a method was proposed in [39] using a model for the
de Rham equivariant cohomology based on Weil’s model of the cohomology
of the universal classifying space
G →֒ EG→ BG (4.1.6)
First we will give a mathematical definition and then (more usefully) we will
give a physicist’s way of thinking about it.
4.2 The Weil Model
First we need to define the Weil algebra W (g), which is used to capture the
algebraic properties satisfied by the gauge field A and field strength F . Let
CHAPTER 4. EQUIVARIANT COHOMOLOGY 53
g be the Lie algebra of G. We define
W (g) = Λ(g∗)⊗ S(g∗) (4.2.1)
where Λ is the exterior algebra of the dual g∗ of g and S is the symmetric
algebra. We attach degree 1 to the element α ∈ g∗ in the exterior algebra
and degree 2 the corresponding element in the symmetric algebra.
Note that α and θ can be thought of as generators obeying the same
algebraic relations as the gauge field A and field strength F respectively.
W (g) is a graded commutative algebra freely generated by the basis {αa, θa :
a = 1 . . . dim g}.
Next we define the following differential operator
dαa = θa +
1
2
fabcα
bαc
dθa = −fabcαbθc
(4.2.2)
where fabc are the structure constants of g. Because of the Jacobi identities,
we can show that d2 = 0 and that d defines a cohomology on the complex
W (g). It can be shown that
H∗d(W (g)) = R (4.2.3)
The general proof is given in [39]; in fact H∗d(W (g)) should be thought of
as a model for the cohomology of EG. This is why it is trivial, but here we
shall show this in some special cases only. For example, take G = T ℓ. Then
g = Rℓ, and since T ℓ is abelian,
dαa − θa = 0 (4.2.4)
dθa = 0 (4.2.5)
A degree zero element is clearly any constant c ∈ R. Moreover, dc = 0.
Thus H0(W (Rℓ)) = R. A general element of degree 1 is v = vaα
a. dv = 0
implies vaθ
a = 0 and therefore va = 0. This implies that v = 0, so we have
H1(W (Rℓ)) = 0.
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A general element of degree two is
w =
1
2
wabα
aαb + uaθ
a (4.2.6)
dw = 0 implies that wabdα
aαb + uadθ
a = wabθ
aαb = 0 and this implies that
wab = 0. Therefore the closed elements are
w = uaθ
a . (4.2.7)
However these elements are exact because w = du when u = uaα
a. Therefore
H2(W (Rℓ)) = 0, again. In general Hn(W (Rℓ)) = 0 for all n > 0.
4.2.1 The cohomology of BG
It is taken that H∗D(W (g)) models the cohomology of EG. Now a model
should be constructed for the cohomology of BG. We should identify the
elements of W (g) which are associated with the cohomology BG. Thinking
about the fibration G →֒ EG → BG, the elements of EG which are forms
associated with those that are pullbacks of BG should have two properties:
(i) they should vanish when evaluated along the fibre directions and (ii) they
should be invariant under the action of G. To model these two properties
we define the inner derivation,
ιaα
b = δ ba ιaθ
b = 0 . (4.2.8)
We can also define a Lie derivative in the usual way,
La = ιad+ dιa . (4.2.9)
Let Bg be all the elements of W (g) which have the property that
ιaφ = 0 Laφ = 0 , (4.2.10)
such elements are called basic.
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To interpret this condition, we note that a gauge transformation can be
defined on ordinary forms w ∈ Ω∗(M) by
δλw = dλ
aιaw + λ
aLaw . (4.2.11)
With the definitions (4.2.8), this formula extends to α and θ as
δλα
a = dλa − fabcλbαc
δλθ
a = −fabcλbθc
(4.2.12)
which are the familiar transformation laws for the gauge potential and field
strength. Therefore (4.2.10) is equivalent to the condition for gauge invari-
ance.
It is easy to see that in fact Bg can be identified with the polynomials
in S(g∗) which are invariant under the co-adjoint action of g on g∗, ie.
Bg ∼= InvgS(g∗) . (4.2.13)
Moreover, in [39] it was shown that
Bg ∼= H∗(BG) . (4.2.14)
To illustrate these, consider the special case where G = T ℓ as before. The
co-adjoint action of g = Rℓ on R∗l is trivial because T ℓ is abelian. Thus any
φ ∈W (Rℓ) satisfies the condition Laφ = 0.
It remains to find the restrictions imposed by the other condition ιaφ = 0.
Any φ can be written as
φ =
∑
k≥1
va1...akb1...blα
a1 · · ·αakθb1 · · · θbl
+ wb1...bmθ
b1 · · · θbm
(4.2.15)
Now
ιaφ =
∑
k≥1
kvaa1...ak−1b1...blα
a1 · · ·αak−1θb1 · · · θbl (4.2.16)
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and so ιaφ = 0 implies that va1...akb1...bl = 0. Therefore ιaφ = 0 implies that
φ ∈ S(R∗ℓ).
The result (4.2.14) implies that the cohomology of BT ℓ is generated by
θ1, . . . , θl as a polynomial, ie.
H0(BT ℓ) 1
H1(BT ℓ) 0
H2(BT ℓ) θ1, θ2, . . . , θℓ (4.2.17)
H3(BT ℓ) 0
H4(BT ℓ) (θ1)2, (θ2)2, . . . , (θℓ)2,
θ1θ2, θ1θ3, . . .
This can be confirmed by an independent calculation using, say, the spectral
sequence of the fibration T ℓ →֒ ET ℓ → BT ℓ.
This concludes the discussion of the Weil model for the cohomology of
BG.
4.3 Weil model for equivariant cohomology
A model for the equivariant cohomology of M can be defined as follows.
First we consider the complex
Ω∗(M)⊗W (g) . (4.3.1)
For example, a degree one element of Ω∗(M)⊗W (g) is
φ = ridx
i + raα
a (4.3.2)
where ri and ra are functions on M . A degree two element is
φ =
1
2
vijdx
idxj + vaiα
adxi +
1
2
wabα
aαb + uaθ
a (4.3.3)
and so on.
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One can define the inner derivation with respect to an element of g by
contracting φ ∈ Ω∗g(M) with the associated vector field on M and using the
contractions (4.2.8) defined in the Weil model. For example, for the degree
two element above, we have
ιbφ = ξ
i
b vijdx
j + vbidx
i + vaiα
aξ ib + wbaα
a (4.3.4)
We define an exterior derivative d by a combinations of the exterior deriva-
tive d of Ω∗(M) and that defined in the previous section on W (g). Denote
this exterior derivative by d. We can also define a Lie derivative as
La = ιad + dιa . (4.3.5)
Now the forms of MG in Ω
∗(M)⊗W (g) are those for which
ιaφ = 0 Laφ = 0 , (4.3.6)
ie. the basic (gauge invariant) forms, and we write Ω∗g(M) for the space that
they generate.
Let us illustrate what this means for the case G = T ℓ and degree 2.
Since we have done the calculation of ιbφ above, we set ιbφ = 0 to find
ξ ib vij + vbj = 0 (4.3.7)
vaiξ
i
b + wba = 0 . (4.3.8)
Substituting into (4.3.3),
φ =
1
2
vijdx
idxj − ξ ia vijαadxj +
1
2
vijξ
i
a ξ
j
b α
aαb + uaθ
a (4.3.9)
=
1
2
vij(dx
i − ξ ia αa)(dxj − ξ jb αb) + uaθa . (4.3.10)
The condition Laφ = 0 implies that
La
(1
2
vijdx
idxj
)
= La(vbidxi) = Lawcd = Laub = 0 (4.3.11)
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where La is the usual Lie derivative on forms in Ω∗(M). Thus a basic degree-
two from is given by (4.3.10) provided that all the components are invariant
under the action of T ℓ on M .
Similarly a basic degree-one form is given by
ω = ri(dx
i − ξ ia αa) (4.3.12)
where the one-form ridx
i satifies La(ridxi) = 0.
The cohomology of MG is given by H
∗
d(Ωg(M)). It can be shown that
under certain conditions, this is the equivariant cohomology,
H∗d(Ω
∗
g
(M)) = H∗(MG) . (4.3.13)
To understand some of the elements that represent H∗d(Ω
∗
g(M)), let us find
the closed form in Ω∗
g
(M) of degree two for the case G = T ℓ. Computing
the exterior derivative of φ in (4.3.9) we get
dφ = 0 ⇒ d(vijdxidxj) = 0
and ξ ia vij + ∂jua = 0 (4.3.14)
This form is exact if φ = dω where ω is a basic form of degree one, so from
(4.3.12) we obtain
dω = ∂[irj](dx
i − ξ ia αa)(dxj − ξ jb αb)− riξ ia θa (4.3.15)
Thus φ is exact if and only if the two-form 12vijdx
idxj is exact and ua =
−riξ ia .
4.3.1 Equivariant extensions
Given a closed form v in M which is invariant under the G-action, we say
that v has an equivariant extension if there exists a closed basic form φ ∈
Ω∗
g
(M) satisfying
v = φ|α=0,θ=0 . (4.3.16)
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Note that ιav = 0 is not a necessary condition for the existence of an equiv-
ariant extension as we have seen.
4.4 A physicist’s approach to equivariant coho-
mology
As we shall see later, we need to construct the equivariant extensions of
closed forms on a manifold M . Suppose that M has a G-action, with asso-
ciated vector fields ξ ia ∂i.
Let r be a closed form and write r = 1
k!ri1...ikdx
i1 ∧ . . . ∧ dxik . We
introduce a connection A and gauge the form by performing a ‘minimal’
substitution dxi → dxi − ξ ia Aa.
Thus we construct
r˜ =
1
k!
ri1...ik(dx
i1 + ξ i1a A
a) ∧ . . . ∧ (dxik + ξ ikb Ab) . (4.4.1)
This form is invariant under gauge transformations, but we have lost the
property that r˜ is closed. To ‘repair’ this, we add an extra piece as follows,
r˜ =
1
k!
ri1...ik∇xi1 ∧ . . . ∧ ∇xik
+
1
(k − 2)!rai1...ik−2F
a ∧ ∇xi1 ∧ . . . ∧ ∇xik−2
+
1
(k − 4)!ra1a2i1...ik−4F
a1 ∧ F a2 ∧ ∇xi1 ∧ . . . ∧ ∇xik−4
+ . . .
(4.4.2)
where ∇xi = dxi − ξ ia Aa.
Gauge invariance of this form implies that
Lbra1...ali1...ik = f cba1rca2...ali1...ik
+ cyclic in a1a2 . . . al.
(4.4.3)
Since r is gauge invariant, we can write dr = ∇r and use ∇2xi = −F aξ ia .
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Now, if r is closed then ∇r = 0 which implies that
ξ ia rij1...jk−1 + (k − 1)∇[j1r|a|j2...jk−1] = 0
ξ ib raij1...jk−3 + (k − 3)∇[j1r|ab|j2...jk−3] = 0
. . .
(4.4.4)
and so on. These are the conditions for an equivariant extension.
We shall apply these results to sigma models.
Chapter 5
New two dimensional gauge
theories
5.1 Two-dimensional gauged sigma models with
Wess-Zumino term
5.1.1 Geometric Data and Action
To describe two-dimensional supersymmetric gauge theories coupled to
sigma model matter with a Wess-Zumino term, it is instructive to begin
with a non-supersymmetric system as a toy example. Let Ξ be the two-
dimensional Minkowski spacetime with light-cone coordinates (x+, x=). The
fields of the model that we shall consider here are the following: a gauge
potential A with gauge group G, sigma model matter fields φ which are
locally maps from Ξ into a sigma model manifold or target space M and
real fermions ψ− and λ+ on Ξ of opposite chirality.
The couplings of two-dimensional gauged sigma model are described by
a Riemannian metric g on M and the Wess-Zumino term which is a locally-
defined two-form b on M ; H = db is a globally defined closed three-form on
M . In addition, the gauge group G acts on M leaving invariant both the
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metric and the Wess-Zumino term, ie
Lag = 0 LaH = 0 (5.1.1)
where La is the Lie-derivative with respect to the vector fields {ξa : a =
1, . . . ,dim g} generated by the action of the gauge group G on M and g is
the Lie algebra of G. Therefore, we have
[ξa, ξb]
i = f cab ξ
i
c , (5.1.2)
where f are the structure constants of G; a, b, c = 1, . . . ,dim g are gauge
indices. The first condition in (5.1.1) implies that ξa are Killing vectors, ie
∇iξaj +∇jξai = 0 (5.1.3)
where ∇ is the Levi-Civita connection of g and i, j = 1, . . . ,dimM . The
second condition in (5.1.1) together with dH = 0 imply that iaH is closed
and so
ξ ia Hijk = 2∂[jwk]a (5.1.4)
for some locally defined one-form wa.
A sigma model with rigid transformation symmetries can be thought of
as a trivial principal G-bundle P = Ξ × G. The sigma model fields φ are
sections of an associated bundle P ×G M → Ξ, and since P is trivial, these
are precisely the maps Ξ→M .
Promoting the gauge transformation parameters ǫa to be local, ie. func-
tions ǫa = ǫa(x) defined on Ξ, then P becomes an arbitary G-bundle,
P = P (Ξ, G). The sigma model fields, which are sections of an associ-
ated bundle, can be represented locally as maps φ : Ξ → M . The gauge
potential A can be represented locally as the pull back of the connection
one-form of P onto an open neighbourhood of Ξ.
To describe the couplings of the fermions, we consider two vector bundles
E and F overM equipped with connections B and C and with fibre metrics h
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and k, respectively. The fermions ψ− and λ+ can be thought of as sections
of S− ⊗ E and S+ ⊗ F , respectively, where S− and S+ are spin bundles
over Ξ associated to the two inequivalent real representation of Spin(1, 1).
Note that in two dimensions there are Majorana-Weyl fermions and so two
inequivalent one-dimensional real spinor representations of Spin(1, 1). In
addition we shall assume that the connections B and C as well as the fibre
metrics h and k are invariant under the action of the gauge group on M .
These conditions imply that
LaB Ai B = −∇iU Aa B (5.1.5)
LchAB = −UaCAhCB − UaCBhAC , (5.1.6)
where
∇iU Aa B = ∂iU Aa B +BiACUaCB − UaACBiCB , (5.1.7)
and Ua are infinitesimal gauge transformations, A,B,C = 1, . . . , rankE,
and similarly for the connection C and fibre metric k. The above conditions
on the connection B have appeared in [59]. An action for the fields A, φ,
ψ− and λ+ is
S =
∫
d2x
(
uabF
a
+=F
b
+= + gij∇+φi∇=φj − V (φ)
)
+
∫
d2xdt
(
Hijk∂tφ
i∇+φj∇=φk − wia∂tφiF a+=
)
+
∫
d2x (ihABψ
A
−∇˜+ψB− − ikA′B′λA
′
+ ∇˜=λB
′
+ )
(5.1.8)
where uab = uab(φ) are the gauge couplings which in general depend on φ,
V is a scalar potential and
F+= = [∇+,∇=] , (5.1.9)
where we have suppressed gauged indices. The covariant derivatives in the
action above are defined as follows,
∇µφi = ∂µφi +Aaµξia (5.1.10)
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and
∇˜µψA− = ∂µψA− +∇µφiB Ai BψB− +AaµU Aa BψB , (5.1.11)
µ = +,=, and similarly for ∇˜λA′+ . The latter can be rewritten as
∇˜µψA− = ∂µψA− + ∂µφiB Ai BψB− +Aaµµ Aa BψB . (5.1.12)
where
µa
A
B = Ua
A
B + ξa
iBi
A
B . (5.1.13)
Observe that the part of the action involving the Wess-Zumino term has
been written as an integral over a three-dimensional space. The conditions
for this term to be written in a two-dimensional form as well as the conditions
for the gauge invariance of the action will be investigated in the next section,
see also [37].
5.1.2 Conditions for gauge invariance
The gauge transformations of the fields are
δǫA
a
µ = −∇µǫa
δǫφ
i = ǫaξia
δǫψ
A
− = ǫ
aU Aa Bψ
B
−
δǫλ
A′
+ = ǫ
aV A
′
a B′λ
B′
+
(5.1.14)
where ǫ is the parameter of infinitesimal gauge transformations. Some of
the conditions required for the invariance of the action (5.1.8) have been
incorporated as part of the geometric data of the sigma model in the previous
section. In particular, in addition to the conditions (5.1.1) and (5.1.5), we
require that (i) wa is a globally defined one-form on M which (ii) satisfies
Lawb = −fabcwc . (5.1.15)
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To write the Wess-Zumino part of the action in a two-dimensional form,
it is necessary for the relevant three form to be closed. This in addition
requires that
ξiawib + ξ
i
bwia = 0 . (5.1.16)
Then the three-dimensional part of the action (5.1.8) can be written locally
[37] as
S′ =
∫
d2x
(
bij∂+φ
i∂=φ
j −Aa+wia∇=φi
+Aa=wia∇+φi +Aa+Ab=ξ ib wai
)
.
(5.1.17)
The conditions above that require (i) H to be invariant under the group
action, (ii) wa to be globally defined onM , (iii) (5.1.15) and (iv) (5.1.16) are
those for the closed form H to have an extension, i.e. equivariant extension
[39], as a closed form in M ×G EG [40, 41].
Next let us consider the conditions for gauge invariance of part of the
action (5.1.8) involving the fermions. We find that this requires that
Lcuab + udbfdca + uadfdcb = 0 (5.1.18)
for the gauge couplings uab,
Laµb − [Ua, µb] = −f cab µc (5.1.19)
and
LaV = 0 . (5.1.20)
We have not assumed that ∇ih = 0. However given a connection on a vector
bundle with a fibre metric h, there always exist another connection ∇′ such
that ∇′ih = 0. Suppose that the ∇′ is used for the fermionic couplings. If
this is the case, the gauge group is O(N) and therefore the right-hand-side
of (5.1.6) vanishes.
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Observe that the equation (5.1.5) can be written in a more covariant
form as
ξjaG
A
ij B = ∇iµ Aa B . (5.1.21)
In what follows we shall assume that the conditions stated in this section
by requiring gauge invariance of the non-supersymmetric model described by
the action (5.1.8) hold. We shall see that for supersymmetric sigma models
more conditions are necessary.
5.2 (1, 0) supersymmetric gauge theory
The (1,0)-supersymmetric gauged sigma model involves the coupling of three
different (1,0)-multiplets. To simplify the construction of this model we shall
describe each multiplet and the conditions for supersymmetry and gauge
invariance separately. There are different ways of approaching this problem.
Here we shall use ‘standard’ (1,0)-superfields. The action will be constructed
using (1,0)-superspace methods.
5.2.1 The gauge multiplet
The (1,0)-superspace Ξ1,0 has coordinates (x+, x=, θ+), where (x+, x=) are
bosonic light-cone coordinates and θ+ is a Grassmann odd-coordinate. The
(1,0)-supersymmetric Yang-Mills multiplet with gauge group G is described
by a connection A in superspace which has components (A+, A=, A+). In
addition, it is required that these satisfy the supersymmetry constraints [38]
[∇+,∇+] = 2i∇+ [∇+,∇=] = F+=
[∇+,∇=] =W− , (5.2.1)
where F+=, W− are the components of the curvature of the superspace
connection A. (The gauge indices have been suppressed.) Jacobi identities
CHAPTER 5. NEW TWO DIMENSIONAL GAUGE THEORIES 67
imply that
∇+W− = iF+= (5.2.2)
Therefore the independent components of the gauge multiplet are
χa− =W−|θ+=0 F a+= = −i∇+W a−|θ+=0 (5.2.3)
where χa− is the gaugino and F
a is the two-form gauge field strength.
5.2.2 Sigma model multiplets
To describe the sigma model multiplet that couples to the above gauge field,
we introduce a Riemannian manifold M with metric g and a locally defined
two form b. In addition we assume that M admits a vector bundle E with
fibre metric h, connection B and a section s. The data required for the
description of the sigma model multiplet are the same as those given in
section 5.1.1. In addition we take the section s to satisfy
LasA = −U Ba AsB . (5.2.4)
The (1, 0)-supersymmetric sigma model multiplet is described by a real
scalar superfield φ and a fermionic superfield ψ−. The superfield φ is a map
from the superspace Ξ1,0 into a sigma model manifold M and the fermionic
superfield ψ− is a section of the bundle φ
∗E ⊗ S−; S− is a spin bundle over
Ξ1,0.
The components of the superfields φ, ψ− are
φi = φi|θ+=0 λi+ = ∇+φi|θ+=0
ψA− = ψ
A
−|θ+=0 ℓA = ∇˜+ψA−|θ+=0 , (5.2.5)
where the covariant derivatives are defined as
∇+φi = D+φi +Aa+ξia
∇˜+ψA− = D+ψA− +∇+φiB Ai BψB− +Aa+U Aa BψB− , (5.2.6)
where D+ is the usual flat superspace derivative, D
2
+ = i∂+.
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5.2.3 Supersymmetric action
It is straightforward to couple the gauge multiplet to (1, 0)-supersymmetric
sigma model matter. The full action is
S = Sg + Sσ + Sf + Sp (5.2.7)
where
Sg = −
∫
d2xdθ+
(
uabW
a
−∇+W b− − izaW a−
)
, (5.2.8)
where uab = uab(φ) and uab is not necessarily symmetric in the gauge indices
and za is a θ-type of term which may depend on the scalar field φ.
The gauge covariant supersymmetric action for the fields φ is [38]
Sσ = − i
∫
d2xdθ+ gij∇+φi∇=φj
− i
∫
d2xdtdθ+
(
Hijk∂tφ
i∇+φj∇=φk − wia∂tφiW a−
) (5.2.9)
which as in section 5.1.1 can also be written as an integral over Ξ1,0 super-
space provided that H admits an equivariant extension. In particular we
have
Sσ = −i
∫
d2xdθ+
(
gij∇+φi∇=φj + bijD+φi∂=φj
−Aa+wia∂=φi +Aa=wiaD+φi +Aa+Ab=ξi[bwa]i
)
.
(5.2.10)
The action of the gauged fermionic multiplet is [59]
Sf =
∫
d2xdθ+ hABψ
A
−∇˜+ψB− . (5.2.11)
The definition of the covariant derivative ∇˜+ is similar to the one given in
section (5.1.1) for the covariant derivative ∇˜+.
The action for the potential term is
Sp =
∫
d2xdθ+msAψ
A
− (5.2.12)
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which is similar to that of the ungauged model in [25].
The superfields transform under the gauge group G as
δAµ = −∇µǫa δφi = ǫaξ ia (φ) δψA− = ǫaU Aa BψB− . (5.2.13)
where µ = +,=,+ is a Ξ1,0 superspace index and ǫa is an infinitesimal gauge
transformation parameter. Gauge invariance of the action (5.2.7) requires,
in addition to the conditions given in section (5.1.2), the condition (5.2.4)
and
Lazb = −fabczc . (5.2.14)
5.2.4 The action of (1,0)-model in components and scalar
potential
The action of (1,0)-supersymmetric two-dimensional gauged sigma model
described by the action (5.2.7) can be easily written in components by per-
forming the θ+ integration and using the definition of the various component
fields of the (1,0)-multiplets which we have described in the previous sec-
tions. In particular we find for the part of the action involving the kinetic
term of the gauge multiplet that
Sg =
∫
d2x
(
uabF
a
+=F
b
+= + zaF
a
+=
− iuabχa−∇+χb− + i∂iuabλi+χa−F b+= + i∂izaλi+χa−
)
.
(5.2.15)
Next we find that
Sσ =
∫
d2x
(
gij∇+φi∇=φj + bij∂+φi∂=φj + iλi+∇˜(+)= λj+
+ iwiaλ
i
+χ
a
− −Aa+wia∂=φi +Aa=wia∂+φi
−Aa+Ab=ξ i[b wa]i
)
,
(5.2.16)
where ∇(±) are the usual metric connections with torsion ±H and ∇˜(±) are
the associated connections involving also the gauge connection A. For the
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fermionic multiplet we have
Sf =
∫
d2x
(−ihABψA−∇˜+ψB− + hABℓAℓB − 12GijabψA−ψB−λi+λj+
)
(5.2.17)
and
Sp =
∫
d2x
(∇isAλi+ + sAℓA) . (5.2.18)
The scalar potential in these models is precisely that of the ungauged
(1,0) sigma models in [25], ie.
V =
1
4
m2hABsAsB . (5.2.19)
So we find that only ‘F -terms’ contribute to the potential. This is because
the gauge multiplet does not have a auxiliary field. Therefore the classical
vacua of the theory are the points of the sigma model manifold M for which
the section s vanishes. If there is such a point, then s will vanish at the
orbit of the gauge group G in M which contains that point. This is because
the section s is invariant under the action of the gauge group. So in general
the theory will not have isolated vacua unless they are fixed points of the
group action of G on M .
5.3 (2, 0) supersymmetry
5.3.1 The gauge multiplet
The (2, 0) superspace Ξ2,0 has coordinates (x+, x=, θ+0 , θ
+
1 ) where (x
+, x=)
are the usual light-cone coordinates and {θ+p : p = 0, 1} are anticommuting
coordinates. The (2,0)-supersymmetric Yang-Mills multiplet is described by
a connection A in Ξ2,0 superspace with components (A+, A=, Ap+), p = 0, 1.
In addition it is required that these satisfy the supersymmetry constraints
[38]
[∇p+,∇q+] = 2iδpq∇+ [∇+,∇=] = F+= [∇p+,∇=] =Wp− , (5.3.1)
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where p, q = 0, 1. Jacobi identities imply that
∇p+Wq− +∇q+Wp− = 2iδpqF+= (5.3.2)
The components of the gauge multiplet are
χ0− =W0−| χ1− =W1−|
iF+= = ∇0+W0−| f = ∇0+W1−| . (5.3.3)
The components, (χ0−, χ1−), are the gaugini which are real chiral fermions
in two dimensions, F+= is the field strength and f is an auxiliary field. (We
have suppressed the gauge indices.)
5.3.2 The sigma model multiplet
We recall that the target manifold M of a (2,0)-supersymmetric ungauged
sigma model is a Ka¨hler manifold with torsion (KT). Therefore M is a
hermitian manifold with metric g and equipped with a complex structure J
which is parallel with respect to the ∇(+) connection. (For the definition of
these geometries see [60, 19]). To gauge the model, we assume as in section
5.1.1 that the gauge group G acts on M and leaving invariant the metric g
and the Wess-Zumino term H. In addition we require that the action of the
group G is holomorphic. This means that
LaJ = 0 , (5.3.4)
where the Lie derivative is along vector fields ξa generating the group action
of G. The sigma model fields are maps φ : Ξ2,0 → M into a complex
manifold M which in addition satisfy
∇1+φi = J ij∇0+φj , (5.3.5)
where ∇p+φ = Dp+φi + Aap+ξia. Note that the requirement for M to be a
complex manifold can be derived from the above condition.
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The components of the sigma model multiplet φ are as follows,
φi = φi| λi+ =∇0+φi| . (5.3.6)
5.3.3 The fermionic multiplet
Let E be a vector bundle over M equipped with a connection B and a fibre
(almost) complex structure I. The fermionic multiplet ψ− is a section of
φ∗E⊗S− over the Ξ2,0, where S− is a spin bundle over Ξ2,0. In addition we
require that the fermionic multiplet ψ− satisfies
∇˜1+ψA− = IAB∇˜0+ψB− +
1
2
mLA (5.3.7)
where L is a section of E and
∇˜p+ψA− = Dp+ψA +∇p+φiBiABψB− +Aap+UaAB , (5.3.8)
for p = 0, 1.
Compatibility of the condition (5.3.7) with gauge transformations re-
quires that
LaIAB = UaACICB − IACUaCB
LaLA = UaABLB .
(5.3.9)
These are the conditions for the gauge transformations and the (2,0)-
supersymmetry transformations to commute.
The compatibility of this constraint with the algebra of covariant deriva-
tives ∇ implies the following conditions:
G Akl BJ
k
uJ
l
j = G
A
ij B
Jki∇kLA − IAB∇iLB = 0
Jki∇kIAB − IAC∇iICB = 0 .
(5.3.10)
These are precisely the conditions required for the off-shell closure of (2,0)
supersymmetry algebra.
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It is always possible to find a connection B on the bundle E such that
∇I = 0. In such case the last condition in (5.3.10) is satisfied. Decomposing
E ⊗ C as E ⊗ C = E ⊕ E¯ using I, the first condition implies that E is a
holomorphic vector bundle. Then the second condition in (5.3.10) implies
that the section L is the real part of a holomorphic section of E .
The components of the fermionic multiplet are as follows:
ψA− = ψ
A
−| ℓA =∇˜0+ψA−| , (5.3.11)
where ψ− is a two-dimensional real chiral fermion and ℓ is an auxiliary field.
5.3.4 Action
The action of the (2,0)-supersymmetric gauged sigma model can be written
as
S = Sg + Sσ + Sf , (5.3.12)
where Sg is the action of the gauge multiplet, Sσ is the action of the sigma-
model multiplet and Sf is the action of the fermionic multiplet. We shall
describe each term separately.
5.3.5 The gauge multiplet action
The most general action for the (2,0)-supersymmetric gauge multiplet up to
terms quadratic in the field strength is
Sg =
∫
d2xdθ+0
(−u0abδpqW ap−∇0+W bq− + u1abδpqW ap−∇1+W bq− + izpaW ap−) ,
(5.3.13)
where u0 and u1 are the gauge coupling constants which in general depend
on the superfield φ and similarly for the theta terms zp. Both u0 and u1
are not necessarily symmetric in the gauge indices. The above action can
be written in different ways. However there are always field and coupling
constant redefinitions which can bring the action to the above form.
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Observe that this action is not an integral over the full Ξ2,0 superspace.
Therefore it is not manifestly (2,0)-supersymmetric. The requirement of
invariance under (2,0) supersymmetry imposes the conditions
J j i∂ju
0 = −∂iu1
J j i∂jz
1 = −∂iz0 .
(5.3.14)
This is most easily seen by verifying that the Lagrangian density is inde-
pendent of θ+1 up to θ
+
0 , x
+, x=-surface terms. The conditions (5.3.14) are
the Cauchy-Riemann equations which imply that u0 + iu1 and z1 + iz0 are
holomorphic.
Indeed provided that the holomorphicity conditions (5.3.14) hold, the
action (5.3.13) apart from the theta terms can be written as an integral over
the Ξ2,0 superspace as
Sg =
∫
d2xdθ+0 dθ
+
1
(
αu0abW
a
0−W
b
1− + (α− 1)u1abW a0−W b0−
− αu1abW a1−W b1− + (α− 1)u0abW a1−W b0−
) (5.3.15)
for any constant α. After integrating over the odd coordinate θ+1 we recover
the action (5.3.13). Observe that the action (5.3.15) simplifies if one takes
u0, u1 to be symmetric matrices. In particular one finds that
Sg =
∫
d2xdθ+0 dθ
+
1 u
0
abW
a
0−W
b
1− . (5.3.16)
Invariance of the action (5.3.13) under gauge transformations requires
that the couplings u0, u1 and zp satisfy
Lau0bc = −f eabu0ec − f eacu0be
Lau1bc = −f eabu1ec − f eacu1be
Lazpb = −f cabzpc .
(5.3.17)
The gauge transformations of the gauge multiplet and the sigma model
multiplet that are required to derive the above result are as in the (1,0)-
supersymmetric models studied in the previous sections.
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5.3.6 The sigma model action
The part of the action which describes the coupling of the sigma model
(2,0)-multiplet to the gauge multiplet has already been given in [38]. This
action is
Sσ =− i
∫
d2xdθ+0
(
gij∇0+φi∇=φj + νaW a1−
)
− i
∫
d2xdtdθ+0
(
Hijk∂tφ
i∇0+φj∇=φk − wia∂tφiW a0−
) (5.3.18)
where νa is a function on M , possibly locally defined, given by
Iji(ξaj + waj) = −∂iνa (5.3.19)
Under certain conditions [45] the maps ν can be thought of as the moment
maps of KT geometry.
Gauge invariance of the above part of action requires in addition to the
conditions on w, which we have already mentioned in section 5.1.2, that νa
is globally defined on M and that
Laνb = −fabcνc . (5.3.20)
5.3.7 The action of the fermionic multiplet
This part of the action is
Sf =
∫
d2xdθ+0
(
hABψ
A
−∇˜0+ψB− +msAψA−
)
(5.3.21)
Gauge invariance of this part of the action requires the same conditions
as those appearing for the couplings of (1,0)-multiplet in (5.1.19).
The conditions required by (2,0)-supersymmetry on the couplings of the
above action are the same as those of the ungauged model and have been
given in [8]. These can be easily derived by requiring that the Lagrangian
density is independent from θ+1 up to x
+, x=, θ+0 surface terms. In particular,
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we find that
hCBI
C
A + hCAI
C
B = 0
J j i∇jhAB +∇ihACICB = 0
J j i∇jsA −∇i(sBIBA)− 1
2
∇ihABLB = 0
sAL
A = const .
(5.3.22)
The first condition implies that the fibre metric is hermitian with respect
to the fibre complex structure. It is always possible to choose such a fibre
metric given a fibre complex structure on a bundle vector bundle E. In the
context of sigma models this has been explained in [44]. The rest of the
conditions can be considerably simplified if the connection B is chosen such
that ∇I = ∇h = 0. Such connection always exists on a hermitian vector
bundle E. In such case, the third equation in (5.3.22) implies that s is the
real part of a holomorphic section of E∗.
5.3.8 The action in components
It is straightforward to write the action S of the (2,0)-supersymmetric gauge
sigma model in components. In particular we find that the component action
of the gauge multiplet (5.3.13) is
Sg =
∫
d2x
(
u0abF
a
+=F
b
+= + z
0
aF
a
+= − u0abfaf b + iz1afa
+ iu0abχ
a
0−∇+χb0− + iu0abχa1−∇+χb1−
− 2iu1[ab]F a+=f b + 2iu1[ab]χa[0−∇+χb1]−
+ i∂iz
0
aλ
i
+χ
a
0− + i∂iz
1
aλ
i
+χ
a
1−
− λi+∂iu0ab(iχa0−F b+= + χa1−f b)
+ λi+∂iu
1
ab(−χa0−f b + iχa1−F b+=)
)
.
(5.3.23)
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The component action of the sigma model part is
Sσ =
∫
d2x
(
gij∇+φi∇=φj + bij∂+φi∂=φj + iλi+∇˜(+)= λj+
− i∂iλi+νaχa1− − iνafa + igijλi+χa0−ξ ja + iwiaλi+χa0−
−Aa+wia∂=φi +Aa=wia∂+φi −Aa+Ab=ξ i[b wa]i
)
(5.3.24)
and the component action of the fermionic multiplet is
Sf =
∫
d2x
(− ihABψA−∇˜+ψB− + hABℓAℓB
− 1
2
hABψ
A
−ψ
B
−λ
i
+λ
j
+GijAB +m∇isAλi+ψA− +msAℓA
)
.
(5.3.25)
Eliminating the auxiliary fields of the gauge and fermionic multiplets, we
find that
S =
∫
d2x
(
gij∇+φi∇=φj + bij∂+φi∂=φj + u0abF a+=F b+=
+ iu0abχ
a
0−∇+χb0− + iu0abχa1−∇+χb1−
+ igijλ
i
+∇˜(+)= λj+ − ihABψA−∇˜+ψB− + z0aF a+=
− 1
4
m2hABsAsB − 1
4
uab0 (νa − z1a)(νb − z1b )
− 1
2
hABψ
A
−ψ
B
−λ
i
+λ
j
+GijAB +m∇isAλi+ψA−
−Aa+wia∂=φi +Aa=wia∂+φi −Aa+Ab=ξ i[b wa]i
− uab0 (νa − z1a)u1[cb]F c+= − uab0 u1[ac]u1[bd]F c+=F d+=
+ i∂iz
0
aλ
i
+χ
a
0− + i∂iz
1
aλ
i
+χ1−
− i∂iu0abλi+χa0−F b+= + i∂iu1abλi+χa1−F b+=
− i∂iνaλi+χa1− + igijλi+χa0−ξ ja + iwiaλi+χa0−
+
1
2
iuab0 (νa − z1a)(∂iu0cbχc1− + ∂iu1cbχc0−)λi+
− 1
4
uab0 (∂iu
0
caχ
c
1− + ∂iu
1
cbχ
c
0−)(∂iu
0
dbχ
d
1− + ∂iu
1
dbχ
d
0−)λ
i
+λ
j
+
− iuab0 u1[ac]F c+=(∂iu0dbχd1− + ∂iu1dbχd0−)λi+
+ 2iu1[ab]χ
a
[0−∇+χb1]−
)
CHAPTER 5. NEW TWO DIMENSIONAL GAUGE THEORIES 78
where uab0 is the matrix inverse of u
0
(ab),
uab0 u
0
(bc) = δ
a
c . (5.3.27)
Note that we have assumed that u0 is invertible.
5.3.9 Scalar potential and classical vacua
The scalar potential of the (2,0)-supersymmetric gauge theories coupled to
sigma model matter is is
V =
1
4
uab0 (νa − z1a)(νb − z1b ) +
1
4
mhABsAsB . (5.3.28)
The scalar potential in these models is written as a sum of a ‘D’ and an ‘F ’
term. The classical supersymmetric vacua of the theory are those for which
νa − z1a = 0 sA = 0 . (5.3.29)
The inequivalent classical vacua are the space of orbits of the gauge group
on the zero set of the section s and ν − z1. If the section s and z1 vanish,
then the space of inequivalent vacua is the KT reduction M//G of the sigma
model target space M . It has been shown in [45] that the space of vacua
inherits the KT structure of the sigma model manifold M and under certain
assumptions is a smooth manifold. However the three-form of the Wess-
Zumino term on M//G is not necessarily closed.
5.4 (4, 0) supersymmetry
5.4.1 The gauge multiplet
The (4, 0) superspace Ξ4,0 has coordinates (x+, x=, θ+p ), where θ
+
p , p =
0, 1, 2, 3, are the odd coordinates. The (4,0)-supersymmetric Yang-Mills
multiplet is described by a connection A in superspace with components
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(A+, A=, Ap+), p = 0, 1, 2, 3. In addition it is required that these satisfy the
supersymmetry constraints [38]
[∇p+,∇q+] = 2iδpq∇+
[∇+,∇=] = F+=
[∇p+,∇=] =Wp−
∇p+Wq− = 1
2
ǫpq
p′q′∇p′+Wq′− ,
(5.4.1)
where p, q, p′q′ = 0, . . . , 3 and p 6= q in the last condition. (We have sup-
pressed gauge indices.) Jacobi identities imply that
∇p+Wq− +∇q+Wp− = 2iδpqF+= (5.4.2)
The components of the gauge multiplet are
χp− =Wp−| iF+= = ∇0+W0−|
fr = ∇0+Wr−| (r = 1, 2, 3) (5.4.3)
The first four fields, (χp− : p = 0, 1, 2, 3), are the gaugini which are real chiral
fermions in two dimensions, F+= is the field strength and {fr : r = 1, 2, 3}
are the auxiliary fields.
5.4.2 The sigma model multiplet
Let M be a hyper-Ka¨hler manifold with torsion (HKT). This implies that
M admits a hypercomplex structure {Jr : r = 1, 2, 3} the metric g on M is
tri-hermitian and the hypercomplex structure is parallel with respect to a
metric connection with as torsion the three-form H, ∇(+)Jr = 0; (see [60, 19]
for more details). In addition we assume that the gauge group G acts on M
preserving the metric, three-form H and the hypercomplex structure. The
latter condition implies that
LaJr = 0 , (5.4.4)
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where the Lie derivative is along vector fields ξa generated by the action of
G on M . The sigma model fields are maps φ : Ξ4,0 → M into the HKT
manifold M which in addition satisfy
∇r+φi = Jrij∇0+φj , (5.4.5)
where ∇p+φ = Dp+φi + Aap+ξia and r = 1, 2, 3. We remark that the algebra
of (4,0) supersymmetry transformations closes as a consequence of the HKT
condition we imposed on M .
The components of the sigma model multiplet φ are as follows,
φi = φi| λi+ =∇0+φi| . (5.4.6)
5.4.3 The fermionic multiplet
Let E be a vector bundle over M equipped with a connection B and a fibre
almost hypercomplex structure {Ir : r = 1, 2, 3}. The fermionic multiplet
ψ− is a section of φ
∗E ⊗ S− over the Ξ4,0, where S− is a spin bundle over
Ξ4,0. In addition the fermionic multiplet ψ− satisfies
∇˜r+ψA− = IrAB∇˜0+ψB− +
1
2
mLAr (5.4.7)
where {Lr : r = 1, 2, 3} are sections of E and
∇˜p+ψA− = Dp+ψA +∇p+φiBiABψB− +Aap+UaAB , (5.4.8)
p = 0, 1, 2, 3.
Compatibility of the condition (5.4.7) with gauge transformations re-
quires that
LaIAr B = UaACICr B − IAr CUaCB
LaLAr = UaABLBr .
(5.4.9)
These are the conditions for the gauge transformations and the (2,0)-
supersymmetry transformations to commute.
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The conditions required for the closure of the (4,0) supersymmetry alge-
bra are similar to those found for the ungauged (4,0) model in [25, 43]. Here
to simplify the analysis, we shall in addition assume that the fibre hyper-
complex structure is parallel with respect to ∇, ie ∇Ir = 0. (See [44] for a
discussion on the conditions required for the existence of such a connection
∇ on the vector bundle E.) The more general case can be easily derived but
we shall not use these results later. In the special case, we find that
Gkl
A
BJr
k
iJs
l
j +Gkl
A
BJs
k
iJr
l
j = 2δrsGij
A
B
Jr
j
i∇jLAs + Jsj i∇jLAr − IrAB∇iLBs − IsAB∇iLBr = 0 .
(5.4.10)
The first condition implies that the curvature G of the vector bundle E is a
(1,1)-form with respect to all three complex structures Jr. Observe that the
diagonal relation r = s implies all the rest. The diagonal part of the second
condition implies that each section Lr is a holomorphic section with respect
to the pair (Jr, Ir).
The components of the fermionic multiplet are as follows:
ψA− = ψ
A
−| ℓA =∇˜0+ψA−| , (5.4.11)
where ψ− is a two-dimensional real chiral fermion and ℓ is an auxiliary field.
5.4.4 Action
The action of the (4,0)-supersymmetric gauged sigma model can be written
as
S = Sg + Sσ + Sf , (5.4.12)
where Sg is the action of the gauge multiplet, Sσ is the action of the sigma-
model multiplet and Sf is the action of the fermionic multiplet. We shall
describe each term separately.
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5.4.5 The gauge multiplet action
The most general action for the (4,0)-supersymmetric gauge multiplet up to
terms quadratic in the field strength is
Sg =
∫
d2xdθ+0
(−u0abδpqW ap−∇0+W bq− +
3∑
r=1
urabδ
pqW ap−∇r+W bq− + izpaW a−p
)
(5.4.13)
where {up : p = 0, 1, 2, 3} and {zp : p = 0, 1, 2, 3} are the gauge coupling
constants which in general depend on the superfield φ and up are not nec-
essarily symmetric in the gauge indices. The above action can be written
in different ways. However there are always field and coupling constant
redefinitions which bring the action to the above form.
Observe that this action is not an integral over the full Ξ4,0 superspace.
Therefore it is not manifestly (4,0)-supersymmetry. Define J i0 j = δ
i
j . The
requirement of invariance the action (5.4.13) under (4,0) supersymmetry
imposes the conditions
J jp i∂juq =
1
2
ǫpq
p′q′Jp′
j
i∂juq′ (p 6= q)
∂iu0 = J
j
1 i∂ju1 = J
j
2 i∂ju2 = J
j
3 i∂ju3 ,
(5.4.14)
and {ur : r = 1, 2, 3} are symmetric in the gauge indices. In addition
Jr
j
i∂jz
r = −∂iz0
Jp
j
i∂jzq = −1
2
ǫpq
p′q′Jp′
k
i∂kzq′ .
(5.4.15)
The conditions (5.4.14) and (5.4.15) imply that in fact {up : p = 0, . . . , 3}
and {zp : p = 0, . . . , 3} are constant, i.e. independent from the sigma model
superfield φ. The above conditions are most easily derived by verifying that
the Lagrangian density is independent of θ+r up to surface terms in x
+, x=
and θ+0 . In addition gauge invariance requires that the coupling constants
up and zp satisfy the condition
fdabu
p
dc + f
d
acu
p
bd = 0
f cabz
p
c = 0 .
(5.4.16)
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In particular ur should be proportional to an invariant quadratic form on
the Lie algebra of the gauge group G. If G semi-simple, the condition on zp
implies that zp = 0. If G is abelian, then the above conditions are satisfied
for any constants up and zp.
5.4.6 The sigma model multiplet action
This part of the action has already been described in [38]. Here we shall
summarise the some of results relevant to this chapter. The action of this
multiplet is
Sσ =− i
∫
d2xdθ+0
(
gij∇0+φi∇=φj +
3∑
r=1
νraW
a
r−
)
− i
∫
d2xdtdθ+0
(
Hijk∂tφ
i∇0+φj∇=φk − wia∂tφiW a0−
) (5.4.17)
where νa is a function on M , possibly locally defined, given by
I jr i(ξaj + waj) = −∂iνra (5.4.18)
It has been shown in [45] that under certain conditions ν is the moment map
of HKT geometry.
The gauge transformations of the superfield φ are
δφi = ǫaξ ia (φ) (5.4.19)
Gauge invariance of the above action requires that the one-form w should
satisfy the conditions mentioned in section 5.1.2, the moment maps should
be globally defined on the sigma model target space M and
Laνra = −f cab νrc . (5.4.20)
5.4.7 The action of the fermionic multiplet
This part of the action is
Sf =
∫
d2xdθ+0
(
hABψ
A
−∇˜0+ψB− +msAψA−
)
(5.4.21)
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Gauge invariance of this part of the action requires the same conditions
as those appearing for the couplings of (1,0)-multiplet in (5.1.19).
The conditions required by (4,0)-supersymmetry on the couplings of the
above action are the same as those of the ungauged model and have been
given in [43]. These can be easily derived by requiring that the Lagrangian
density is independent from θ+r up to x
+, x=, θ+0 surface terms. In particular,
we find that
hCBI
C
r A + hCAI
C
r B = 0
J jr i∇jhAB +∇ihACICr B = 0
J jr i∇jsA −∇i(sBIBr A)−
1
2
∇ihABLBr = 0
sAL
A
r = const .
(5.4.22)
To derive the above conditions we have used that ∇Ir = 0 as we have
assumed in the construction of the fermionic multiplet. The first condition
implies that the fibre metric is tri-hermitian. These conditions can be further
simplified if the connection B is chosen such that ∇h = 0. In such case, the
third equation in (5.4.22) implies that s is the real part of three holomorphic
sections of E∗ each with respect to the three doublets (Jr, Ir) of complex
structures, ie s is triholomorphic.
5.4.8 The action in components and scalar potential
The part of the action of the theory involving the kinetic term of the gauge
multiplets (5.4.13) can be easily expanded in components as follows,
Sg =
∫
d2x
(
u0abF
a
+=F
b
+= + iu
0
abδ
pqχap−∇+χbq−
+ z0aF
a
+= −
∑
r
(u0abf
a
r f
b
r + iz
r
af
a
r )
+ 2iu1abχ
a
[0−∇+χb1]− + 2iu1abχa[2−∇+χb3]−
+ 2iu2abχ
a
[0−∇+χb2]− + 2iu2abχa[1−∇+χb3]−
+ 2iu3abχ
a
[0−∇+χb3]− + 2iu3abχa[1−∇+χb2]−
)
.
(5.4.23)
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To derive this we have used that {up : 0, . . . , 3} are constant and {ur : 1, 2, 3}
symmetric in the gauge indices.
The part of the action that contains the kinetic term and the Wess-
Zumino term of the sigma model fields in components is as follows,
Sσ =
∫
d2x
(
gij∇+φi∇=φj + bij∂+φi∂=φj + igijλi+∇˜(+)= λj+
− i
∑
r
(νraf
a
r + ∂iνraλ
i
+χ
a
r−)
+ igijλ
i
+χ
a
0−ξ
j
a + iwiaλ
i
+χ
a
0−
−Aa+wia∂=φi +Aa=wia∂+φi −Aa+Ab=ξ i[b wa]i
)
(5.4.24)
The part of the action that contains the kinetic term the fermionic multiplet
in components is as follows:
Sf =
∫
d2x
(− ihABψA−∇˜+ψB− + hABℓAℓB − 12hABψA−ψB−λi+λj+GijAB
+m∇isAλi+ψA− +msAℓA
)
(5.4.25)
After eliminating the auxiliary fields of both the gauge multiplet and the
fermionic multiplet, we find that the action of (4,0)-supersymmetric gauge
theories coupled to sigma models is
Sg + Sf =
∫
d2x
(
u0abF
a
+=F
b
+= − ihABψA−∇˜+ψB−
+ iδpqu0abχ
a
p−∇+χbq−
+ 2iu1abχ
a
[0−∇+χb1]− + 2iu1abχa[2−∇+χb3]−
+ 2iu2abχ
a
[0−∇+χb2]− + 2iu2abχa[1−∇+χb3]−
+ 2iu3abχ
a
[0−∇+χb3]− + 2iu3abχa[1−∇+χb2]−
− 1
2
hABψ
A
−ψ
B
−λ
i
+λ
j
+GijAB +m∇isAλi+ψA−
− 1
4
uab0
∑
r
(νra − zra)(νrb − zrb )−
1
4
m2hABsAsB
+ z0aF
a
+= +
∑
p
∂iz
p
aλ
i
+χ
a
r−
)
(5.4.26)
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It is straightforward to write the action S of the (2,0)-supersymmetric gauge
sigma model in components. In particular we find the following:
S =
∫
d2x
(
gij∇+φi∇=φj + bij∂+φi∂=φj + u0abF a+=F b+=
+ iu0abδ
pqχap−∇+χbq−
+ iλi+∇˜(+)= λj+ − ihABψA−∇˜+ψB− + z0aF a+=
− 1
4
m2hABsAsB − 1
4
uab0
∑
r
(νra − zra)(νrb − zrb )
− 1
2
hABψ
A
−ψ
B
−λ
i
+λ
j
+GijAB +m∇isAλi+ψA−
−Aa+wia∂=φi +Aa=wia∂+φi −Aa+Ab=ξ i[b wa]i
+ i∂iz
0
aλ
i
+χ
a
0−
+ igijλ
i
+χ
a
0−ξ
j
a + iwiaλ
i
+χ
a
0− + i
∑
r
∂i(z
r
a − νra)λi+χar−
)
(5.4.27)
5.4.9 Scalar Potential and Classical Vacua
The scalar potential of the (4,0)-supersymmetric gauged sigma models is
V =
1
4
3∑
r=1
uab0 νraνrb +
1
4
mhABsAsB , (5.4.28)
where we have absorbed the constants zra into the definition of the moment
maps νra. The scalar potential in these models is written as a sum of a
‘D’ and an ‘F ’ term. The classical supersymmetric vacua of the theory are
those for which
νra = 0 sA = 0 . (5.4.29)
The inequivalent classical vacua are the space of orbits of the gauge group
on the zero set of the section s and the HKT moment maps νr. If the section
s vanishes, then the space of inequivalent vacua is the theory is the HKT
reduction M//G of the sigma model target space M . It has been shown
in [45] that under certain assumptions the space of vacua inherits the HKT
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structure of the sigma model manifold M and it is a smooth space. However
the three-form of the Wess-Zumino term on M//G is not necessarily closed.
5.5 (1, 1) supersymmetry
5.5.1 The gauge multiplet
The (1, 1) superspace Ξ1,1 has coordinates (x+, x=, θ+, θ−), where θ± are
Grassman valued odd coordinates. The (1,1)-supersymmetric Yang-Mills
multiplet is described by a connection A in superspace with components
(A+, A=, A+, A−). In addition it is required that these satisfy the super-
symmetry constraints [38]
[∇+,∇−] =W [∇+,∇=] = F+=
[∇+,∇+] = 2i∇+ [∇−,∇−] = 2i∇= (5.5.1)
(We have suppressed the gauge indices.) The Jacobi identities imply that
[∇+,∇=] = i∇−W [∇−,∇+] = i∇+W
F+= = ∇+∇−W (5.5.2)
We mention that the (1,1)-supersymmetric gauge multiplet can be con-
structed from a scalar superfield. This allows for the possibility of non-linear
couplings between the sigma model multiplet and the gauge multiplet. The
components of the gauge multiplet are
W =W | F+= = ∇+∇−W |
χ+ = ∇+W | χ− = ∇−W | (5.5.3)
The field, W , is a scalar, χ+,χ− are gaugini which are real chiral fermions
in two dimensions, and F+= is the field strength.
CHAPTER 5. NEW TWO DIMENSIONAL GAUGE THEORIES 88
5.5.2 The sigma model multiplet
Let M be a Riemannian manifold with metric g and locally defined two-
form b. We take the gauge group G to act on M with isometries preserving
the Wess-Zumino three-form H = db and generating the vector fields ξa as
in section 5.1.1. In addition we assume that the one-form w satisfies the
conditions of section 5.1.2.
The sigma model (1,1) multiplet φ is a map from the (1,1) superspace
Ξ1,1 into the Riemannian manifold M . The components of φ are as follows,
φi = φi| ℓi = ∇+∇−φi|
λi+ = ∇+φi| λi− = ∇−φi| , (5.5.4)
where∇+φi = D+φi+Aa+ξia and similarly for ∇−. Observe that the first two
components of (1, 1) superfield φ can be identified with the two components
of a (1, 0) superfield φ while the latter two components can be identified
with those of a (1, 0) fermionic superfield ψ−. The vector bundle associated
with this fermionic multiplet is the tangent bundle of M .
5.5.3 Action
The action of the (1,1)-supersymmetric gauged sigma model can be written
as sum of three terms,
S = Sg + Sσ + Sp , (5.5.5)
where Sg is the action of the gauge multiplet, Sσ is the action of the sigma-
model multiplet and Sp is a potential term. We shall describe each term
separately.
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5.5.4 The gauge multiplet action
An action of the (1,1)-supersymmetric gauge multiplet is most easily written
in (1,1) superspace. In particular we have
Sg =
∫
d2xdθ+dθ−
(−uab∇+W a∇−W b + 1
2
vabW
aW b + zaW
a
)
, (5.5.6)
where uab = uab(φ), u is not necessarily symmetric in the gauge indices,
vab = vab(φ) and the theta term za = za(φ). Of course this action is man-
ifestly (1,1)-supersymmetric because it is an integral over full superspace.
Gauge invariance imposes the additional conditions
Laubc = −fdabudc − fdacubd
Lavbc = −fdabvdc − fdacvbd
Lazb = −fdabzd
(5.5.7)
on the couplings u,v and z.
The action (5.5.6) can be easily expanded in components to find
Sg =
∫
d2x
(
+ uabF
a
+=F
b
+= − uab∇+W a∇=W b
+ iuab∇+χa−χb− − iuabχa+∇=χb+
+ ∂iuabF
a
+=λ
i
+χ
b
− − ∂iuabλi−χa+F b+=
+ i∂iuabλ
i
+χ
a
+∇=W b + i∂iuabλi−∇+W aχb−
+ uabf
b
cdχ
a
+χ
c
−W
d −∇i∂juabλi+λj−χa+χb− − ∂iuabℓiχa+χb−
+ vabχ
a
+χ
b
− + vabW
aF b+=
+ ∂ivabλ
i
+W
aχb− − ∂ivabλi−χa+W b
+
1
2
∇i∂jvabλi+λj−W aW b +
1
2
∂ivabℓ
iW aW b
+ zaF
a
+= + ∂izaλ
i
+χ
a
− − ∂izaλi−χa+
+ ℓi∂izaW
a + λi+λ
j
−∇i∂jzaW a
)
.
(5.5.8)
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5.5.5 The sigma model multiplet action and potential term
A (1,1)-supersymmetric gauged sigma model action has been given in [38].
This action can be written as
Sσ =
∫
d2xdθ+dθ− gij∇+φi∇−φj
+
∫
d2xdtdθ+dθ−
(
Hijk∂tφ
i∇+φj∇−φk − wia∂tφiW a−
) (5.5.9)
This can be written without the t integration as
Sσ =
∫
d2xdθ+dθ−
(
gij∇+φi∇−φj + bijD+φiD−φj
−Aa+wiaD−φi −Aa−wiaD+φj +Aa−Ab+ξi[bwa]i
)
.
(5.5.10)
It is straightforward to add a potential term to the above actions as
Sp =
∫
d2xdθ+dθ− h (5.5.11)
where h = h(φ) is a function of the superfield φ. Gauge invariance of the
above action requires that w should satisfy the conditions stated in section
5.1.2.
5.5.6 A generalisation of the action
The action of (1,1)-supersymmetric gauge theory presented above can be
generalized by allowing the various couplings of the theory to depend on the
scalar component of the gauge multiplet superfield. Supersymmetry then re-
quires additional fermionic couplings. The new theory can be organised as a
(1,1)-supersymmetric sigma model which has target space L =M×g, where
g is the Lie algebra of the gauge group G. The various allowed couplings
are restricted by two-dimensional Lorentz invariance, supersymmetry and
gauge invariance as usual. The sigma model multiplet is maps Z = (φ,W )
from the (1,1) superspace Ξ1,1 into L, where φ is the usual (1,1) sigma model
superfield and W is the (1,1) gauge theory multiplet. We again allow the
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gauge group G to act on L with a group action on M and the adjoint action
on g. The vector fields generated by such a group action are
ξa = ξ
A
a ∂A = ξ
i
a∂i +W
bf cab∂c (5.5.12)
where A = (i, a), the component ξi is allowed to depend on both φ and
W , and the partial derivative with the gauge index denotes differential with
respect to W .
Next we introduce a metric g and a Wess-Zumino term H on L and
assume that the gauge group G acts on L with isometries leaving the Wess-
Zumino term H invariant. We also define w as iξaH = dwa, where ξa is the
new Killing vector field (5.5.12). Then an action can be written for this new
sigma model as
Sσ =
∫
d2xdθ+dθ−
(
gAB∇+ZA∇−ZB + h
)
+
∫
d2xdtdθ+dθ−
(
HABC∂tZ
A∇+ZB∇−ZC − wBa∂tZBW a−
)
(5.5.13)
where h is a function which depends on Z. This action is clearly super-
symmetric because it is a full (1,1) superspace integral. Gauge invariance
requires that w above satisfies all the conditions stated in section 5.1.2 but
for the group action (5.5.12) and the Wess-Zumino term in L. In addition,
it requires that
Lah = 0 (5.5.14)
where the Lie derivative is with respect to the vector field (5.5.12).
5.5.7 Scalar Potential
To compute the scalar potential we express the action in components and
eliminate the auxiliary field of the sigma model superfield φ from the action
using the field equations. The scalar potential is
V (W,φ) =
1
4
gij∂ih∂jh , (5.5.15)
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where gij is the inverse of the restriction of the metric of L on M . Ob-
serve that V depends on both the sigma model scalar φ and the gauge
multiplet scalar W . The classical supersymmetric vacua of the theory are
those values of (φ,W ) for which ∂ih = 0. For example, for the special
(1,1)-supersymmetric model investigated in the beginning of the section,
V = 14g
ij(∂ih+ ∂izaW
a)(∂jh+ ∂jzbW
b), where in this case h = h(φ).
5.6 (2, 1) supersymmetry
5.6.1 The gauge multiplet
The (2, 1) superspace Ξ2,1 has coordinates (x+, x=, θ+p , θ
−), where (x+, x=)
are the even and (θ+0 , θ
+
1 , θ
−) are odd coordinates. The (2,1)-supersymmetric
Yang-Mills multiplet is described by a connection A in superspace with com-
ponents (A+, A=, Ap+, A−), p = 0, 1. In addition it is required that these
satisfy the supersymmetry constraints [38]
[∇p+,∇−] =Wp [∇+,∇=] = F+=
[∇p+,∇q+] = 2iδpq∇+ [∇−,∇−] = 2i∇= . (5.6.1)
We have suppressed the gauge indices. We remark that Wp are scalar su-
perfields. The Jacobi identities imply that
[∇p+,∇=] = i∇−Wp [∇−,∇+] = i∇0+W0
F a+= = ∇0+∇−W a0 ∇1+W1 = ∇0+W0 (5.6.2)
∇1+W0 +∇0+W1 = 0 .
The two scalar superfields (W0,W1) can be viewed as a map W from the
(2,1) superspace Ξ2,1 into g ⊗ R2, where g is the Lie algebra of the group
G. Next introduce a complex structure I = Id ⊗ ǫ in g⊗ R2 where ǫ is the
constant complex structure in R2 with ǫ01 = −1. The last two conditions in
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(5.6.1) can be expressed as
∇1+W ap = ǫpq∇0+W aq . (5.6.3)
In fact this implies that W is a covariantly chiral superfield, (∇1+ +
i∇0+)(W1 + iW0) = 0.
The components of the gauge superfields Wp are
Wp =Wp| F+= = ∇0+∇−W0| f = ∇0+∇−W1|
χ0+ = ∇0+W0| χ1+ = ∇0+W1| χp− = ∇−Wp| , (5.6.4)
where Wp are scalars, χp+ and χp− are the gaugini which are real chiral
fermions in two dimensions, F+= is the field strength and f is a real auxil-
iary field. As in the (1,1)-supersymmetric gauge theory, the gauge multiplet
is determined by scalar superfields. This will lead again to non-linear inter-
actions because the various couplings of the theory can depend on them.
5.6.2 The sigma model multiplet
Let M be a KT manifold with metric g and complex structure J . We in
addition assume that the gauge group G acts on M with isometries which
furthermore preserve the complex structure J and the Wess-Zumino termH.
These conditions are the same as in the case of (2,0)-supersymmetric model.
The (2,1) sigma model superfield φ is a map from the (2,1) superspace Ξ2,1
into the sigma model manifold M . In addition it is required that
∇1+φi = J ij∇0+φj , (5.6.5)
where ∇p+φi = Dp+φi+Aap+ξia and ξa are the vector fields on M generated
by the group action. As we have seen, the (2,1) gauge multiplet satisfies
the condition (5.6.3) similar to (5.6.5). The superfield φ is also covariantly
chiral, as can be seen by choosing complex coordinates on the sigma model
manifold M . These results will be used later for the construction of actions
of (2,1)-supersymmetric gauge theories coupled to sigma models.
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The components of the sigma model multiplet φ are as follows:
φi = φi| ℓi = ∇0+∇−φi|
λi+ =∇0+φi| λi− =∇−φi| , (5.6.6)
where φ is a scalar, λ+ and λ− are real fermions, and ℓ is an auxiliary field.
5.6.3 Action
An action of a (2,1)-supersymmetric gauge theory coupled to sigma model
matter can be written as
S = Sg + Sσ + Sp , (5.6.7)
where Sg is the action of the gauge multiplet, Sσ is the action of the sigma-
model multiplet and Sp contains the potential term. We shall describe each
term separately.
5.6.4 The gauge multiplet action
An action for the (2,1)-supersymmetric gauge multiplet is
Sg =
∫
d2xdθ+0 dθ
−
(− u0abδpq∇0+W ap∇−W bq
+ u1abδ
pq∇1+W ap∇−W bq + zpaW ap
) (5.6.8)
where u0, u1 are the gauge coupling constants and zp are theta term type of
couplings. All the couplings are allowed to depend on the superfield φ. We
shall assume that both u0, u1 are symmetric in the gauge indices but this
restriction can be lifted.
Observe that this action is not an integral over the full Ξ2,1 superspace.
Therefore it is not manifestly (2,1)-supersymmetric. The requirement of
invariance under (2,1) supersymmetry imposes the conditions
J j i∂ju
0
ab = −∂iu1ab
J j i∂jz
1
a = −∂iz0a .
(5.6.9)
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Therefore the couplings u0 + iu1 and z1 + iz0 are holomorphic.
In addition gauge invariance of the action (5.6.8) implies that
Laupbc = −fdabupdc − fdacupbd
Lazpb = −fdabzpd .
(5.6.10)
5.6.5 The sigma model multiplet action and potential
The action of the gauged (2,1)-supersymmetric sigma model with Wess-
Zumino term has been given in [38]. Here we shall summarise some of
results relevant to this chapter. The action of this multiplet is
Sσ =
∫
d2xdθ+0 dθ
−
(
gij∇0+φi∇−φj + νaW a1
)
+
∫
d2xdtdθ+dθ−
(
Hijk∂tφ
i∇0+φj∇−φk − wia∂tφiW a−
) (5.6.11)
This can be written without the t integration as
Sσ =
∫
d2xdθ+dθ−
(
gij∇+φi∇−φj + bijD+φiD−φj
−Aa+wiaD−φi −Aa−wiaD+φj +Aa−Ab+ξi[bwa]i
)
(5.6.12)
The gauge transformations of φ are δφi = ǫaξ ia (φ). Gauge invariance of
the above action requires that w should satisfy the conditions described in
section 5.1.2. As in the case of (2,0)-supersymmetric gauged sigma model,
ν should satisfy Laνb = −f cab νc. In fact ν is a moment map associated with
the action of the gauge group on the KT manifold M .
The part of the action involving the potential is
Sp =
∫
d2xdθ+0 dθ
− h , (5.6.13)
where h = h(φ) Invariance under (2,1) supersymmetry requires that
∂ih = J
k
i∂kh
1 (5.6.14)
where h1 = h1(φ). This implies that h is the real part of a holomorphic
function on M .
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The scalar potential of (2,1)-supersymmetric gauge theories coupled to
sigma models described above is
V =
1
4
uab0 (νa + z
1
a)(νb + z
1
b ) +
1
4
gij(∂ih+ ∂iz
p
aW
a
p )(∂jh++∂jz
p
aW
a
p ) .
(5.6.15)
5.6.6 A generalisation
As we have shown both the (2,1) gauge multiplet and the (2,1) sigma model
multiplet are constructed from covariantly chiral scalar superfields, ie both
satisfy the conditions (5.6.5) and (5.6.3). Because of this, these two super-
fields can be combined to a single superfield Z = (W0,W1, φ) which is a map
from the (2, 1) superspace Ξ2,1 into (g⊗ R2)×M . In addition we can take
Z to satisfy a chirality condition which is the combination of (5.6.3) and
(5.6.5). Next we can take the gauge group G to act on (g⊗ R2)×M with
the adjoint action in the first factor and a group action on M . The vector
fields associated by such a group action are
ξa =
∑
p
f cabW
b
p
∂
∂W cp
+ ξi∂i . (5.6.16)
Treating the (2,1)-supersymmetric gauge theory coupled to sigma model
matter as a sigma model with superfield Z, which satisfies (5.6.3) and (5.6.5),
we can write the action
Sσ =
∫
d2xdθ+0 dθ
−
(
gAB∇0+ZA∇−ZB + νaW a1 + h
)
+
∫
d2xdtdθ+dθ−
(
HABC∂tZ
A∇0+ZB∇−ZC − wBa∂tZBW a−
)
(5.6.17)
where now all the couplings are defined using the geometry of (g⊗R2)×M .
Of course (2,1)-supersymmetric requires that (g⊗R2)×M is a KT manifold
with respect to the complex structure (J, id ⊗ ǫ). In particular the metric
and the rest of the couplings depend on the coordinates of (g ⊗ R2) ×M .
The conditions for gauge invariance are easily determined from those of the
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(2,1)-supersymmetric gauged sigma model. We remark that the couplings
of (5.6.17) can be arranged such that the SO(2) R-symmetry of the (2, 1)-
supersymmetry algebra is broken. In particular the SO(2) rotation that
rotate theWp scalar components is not a symmetry of the action. However if
one insists in preserving the R-symmetry, then the KT manifold (g⊗R2)×M
should admit a SO(2) action preserving all the geometric data.
5.7 (4, 1) supersymmetry
5.7.1 The gauge multiplet
The (4, 1) superspace Ξ4,1 has coordinates (x+, x=, θ+p , θ
−), where (x+, x=)
are the even and {θ−, θ+p , p = 0, . . . , 3} are the odd coordinates. The (4,1)-
supersymmetric Yang-Mills multiplet is described by a connection A in Ξ4,1
superspace with components (A+, A=, Ap+, A−) with p = 0, . . . 3. In addi-
tion it is required that these satisfy the supersymmetry constraints [38]
[∇p+,∇−] =Wp [∇+,∇=] = F+=
[∇p+,∇q+] = 2iδpq∇+ [∇−,∇−] = 2i∇= (5.7.1)
∇p+Wq = ǫ p′q′pq ∇p′+Wq′ .
(We have suppressed all the gauge indices.) The Jacobi identities imply that
[∇p+,∇=] = i∇−Wp
[∇−,∇+] = i∇0+W0
F a+= = ∇0+∇−W a0 (5.7.2)
∇p+Wq +∇q+Wp = 0 (p 6= q)
∇0+W0 = ∇1+W1 = ∇2+W2 = ∇3+W3
The (4,1) gauge multiplet is determined by four scalar superfields. Some
of the conditions on these superfields given in (5.7.1), like in the (2,1) model
previously, can be expressed as conditions of a (4,1) sigma model multiplet.
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For this view the four-scalar superfields Wp as maps from the superspace
Ξ4,1 into g ⊗ R4, where g is the Lie algebra of the gauge group G. Then
introduce three constant complex structures {Ir} in R4 such that (Ir)0s = δrs
and (Ir)
s
t = −ǫrst where r, s, t = 1, 2, 3. The conditions on Wp in (5.7.1)
and (5.7.1) can be expressed as
∇r+W ap = Irqp∇0+W aq . (5.7.3)
The components of the gauge multiplet are
Wp =Wp| F+= = ∇0+∇−W0|
χp− = ∇−Wp| χp+ = ∇0+Wp| (5.7.4)
fr = ∇0+∇−Wr| r = 1, 2, 3 ,
whereWp are scalars, χp+,χp− are the gaugini which are real chiral fermions
in two dimensions, F+= is the field strength and {fr : r = 1, 2, 3} are
auxiliary fields. The SO(4) R-symmetry of the (4,1)-supersymmetric gauge
theory rotates both the scalars and the fermions of the gauge multiplet.
5.7.2 The sigma model multiplet
Let M be a HKT manifold with metric g and hypercomplex structure
{Jr; r = 1, 2, 3}. We in addition assume that the gauge group G acts on
M with isometries which in addition preserve the hypercomplex structure
Jr and the Wess-Zumino term H. These conditions are the same as in the
case of (4,0)-supersymmetric model. The (4,1) sigma model superfield φ is
a map from the (4,1) superspace Ξ4,1 into the sigma model manifold M . In
addition it is required that
∇r+φi = Jrij∇0+φj , (5.7.5)
where ∇p+φi = Dp+φi +Aap+ξia and ξ are the vector fields on M generated
by the group action. As we have seen the (4,1) gauge multiplet satisfies the
CHAPTER 5. NEW TWO DIMENSIONAL GAUGE THEORIES 99
condition (5.7.3) similar to (5.7.5). These results will be used later for the
construction of actions of (4,1)-supersymmetric gauge theories coupled to
sigma models.
The components of the sigma model (4,1) multiplet φ are as follows,
φi = φi| ℓi = ∇0+∇−φi|
λi+ = ∇0+φi| λi− = ∇−φi| , (5.7.6)
where φ is a scalar, λ+ and λ− are real fermions, and ℓ is an auxiliary field.
5.7.3 Action
The action of a (4,1)-supersymmetric gauged theory coupled to sigma model
matter can be written as
S = Sg + Sσ + Sp , (5.7.7)
where Sg is the action of the gauge multiplet, Sσ is the action of the sigma-
model multiplet and Sp is the potential. We shall describe each term sepa-
rately.
5.7.4 The gauge multiplet action
An action for the (4,1)-supersymmetric gauge multiplet is
Sg =
∫
d2xdθ+0
(− u0abδpq∇0+W ap∇−W bq
+ urabδ
pq∇r+W ap∇−W bq + zpaW ap
) (5.7.8)
where {up} = {u0, ur} and zp are the gauge coupling constants and theta
type of terms, respectively, which in general depend on the superfield φ.
We shall assume that both up are symmetric in the gauge indices but this
restriction can be lifted.
Observe that this action is not an integral over the full Ξ4,1 superspace.
Therefore it is not manifestly (4,1)-supersymmetric. The requirement of in-
variance under (4,1) supersymmetry imposes the condition that up and zp
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are constant. This is similar to the condition that arises in (4,0) supersym-
metric gauge theories. Gauge invariance of the action (5.7.8) in addition
requires
fdabu
p
dc + f
d
acu
p
bd = 0
fdabz
p
d = 0 .
(5.7.9)
Thus up must be invariant quadratic forms on the Lie algebra of the group
G and zp must be invariant elements of the Lie algebra. Of course zp = 0,
if G is semi-simple.
5.7.5 The sigma model multiplet action and the potential
An action for the (4,1) sigma model multiplet coupled to gauge fields has
been given in [38]. Here we shall summarise the some of results relevant to
this chapter. The action of this multiplet is
Sσ =
∫
d2xdθ+dθ−
(
gij∇+φi∇−φj +
∑
r
νraW
a
r
)
+
∫
d2xdtdθ+dθ−
(
Hijk∂tφ
i∇+φj∇−φk − wia∂tφiW a−
) (5.7.10)
The gauge transformations of φ are δφi = ǫaξ ia (φ). Gauge invariance of
the above action requires that w should satisfy the conditions described in
section 5.1.2. As in the case of (4,0)-supersymmetric gauged sigma model,
νr should satisfy Laνrb = −f cab νrc . In fact νr is a moment map associated
with the action of the gauge group G on the HKT manifold M .
The part of the action involving the potential is
Sp =
∫
d2xdθ+0 dθ
− h , (5.7.11)
where h = h(φ). Invariance under (4,1) supersymmetry requires that
∂ih = Jr
k
i∂kh
r (5.7.12)
where hr = hr(φ). This implies that h is the real part of three holomorphic
functions on M , ie h is tri-holomorphic.
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The scalar potential of (4,1)-supersymmetric gauge theories coupled to
sigma models is
V =
1
4
uab0
3∑
r=1
νraν
r
b +
1
4
gij∂ih∂jh , (5.7.13)
where we have shifted the moment maps νr by a constant zr.
5.7.6 A generalisation
As we have shown both the (4,1) gauge multiplet and the (4,1) sigma model
multiplet are constructed from scalar superfields which satisfy the similar
constraints (5.7.3) and (5.7.5). Because of this, these two superfields can be
combined to a single superfield Z = (W,φ) which is a map from the (4, 1)
superspace Ξ4,1 into (g ⊗ R4) ×M . In addition we can take Z to satisfy a
condition which is the combination of (5.7.5) and (5.7.3). Next we can take
the gauge group G to act on (g ⊗ R4) ×M with the adjoint action in the
first factor and a group action on M . The vector fields associated by such
a group action are
ξa =
∑
p
f cabW
b
p
∂
∂W cp
+ ξi∂i . (5.7.14)
Treating the (4,1)-supersymmetric gauge theory coupled to sigma model
matter as a sigma model with superfield Z, which satisfies (5.7.3) and (5.7.5),
we can write the action
Sσ =
∫
d2xdθ+0 dθ
−
(
gAB∇0+ZA∇−ZB +
∑
r
νraW
a
r + h
)
+
∫
d2xdtdθ+dθ−
(
HABC∂tZ
A∇0+ZB∇−ZC − wBa∂tZBW a−
)
(5.7.15)
where now all the couplings are defined using the geometry of (g⊗R4)×M .
Of course (4,1)-supersymmetry requires that (g⊗R4)×M is a HKT manifold
with respect to the hypercomplex structure (Jr, Ir). In particular the metric
and the rest of the couplings depend on the coordinates of (g ⊗ R2) ×M .
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The conditions for gauge invariance are easily determined from those of the
(4,1)-supersymmetric gauged sigma model. We remark that the couplings
of (5.7.15) can be arranged such that the SO(4) R-symmetry of the (4, 1)-
supersymmetry algebra is broken. In particular the SO(4) rotation that
rotates the Wp scalar components is not a symmetry of the action. However
if one insists in preserving the R-symmetry, then the HKT manifold (g ⊗
R
4)×M should admit a SO(4) action preserving all the geometric data.
5.8 Summary
We now summarise the conditions given in this chapter. The conditions for
the general case are
Lag = 0 (5.8.1)
LaH = 0 (5.8.2)
LaB Ai B = −∇iU Aa B (5.8.3)
LchAB = −UaCAhCB − UaCBhAC (5.8.4)
Lawb = −fabcwc (5.8.5)
ξiawib + ξ
i
bwia = 0 (5.8.6)
Lcuab + udbfdca + uadfdcb = 0 (5.8.7)
Laµb − [Ua, µb] = −f cab µc (5.8.8)
LaV = 0 (5.8.9)
The conditions in the cases of (p, 0) and (p, q) supersymmetry are given
in the following tables.
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Supersymmetry Multiplets Extra Constraints
(1,0) (φi, λi+) [∇+,∇+] = 2i∇+
(χa
−
,F+=) [∇+,∇=] = F+=
(ψA
−
,ℓA) [∇+,∇=] = W−
F a+= LasA = −U Ba AsB
Lazb = −fabczc
(2,0) (φi, λi+) [∇p+,∇q+] = 2iδpq∇+
(ψA
−
,ℓA) [∇+,∇=] = F+=
(χa0−, χ
a
1−, F
a
+=
, fa) [∇p+,∇=] =Wp−
∇1+φi = J ij∇0+φj
LaJ = 0
∇˜p+ψA
−
= Dp+ψ
A +∇p+φiBiABψB
−
+Aap+Ua
A
B
LaIAB = UaACICB − IACUaCB
LaLA = UaABLB
G Akl BJ
k
uJ
l
j = G
A
ij B
Jki∇kLA − IAB∇iLB = 0
Jki∇kIAB − IAC∇iICB = 0
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Supersymmetry Multiplets Extra Constraints
(4,0) (φi, λi+) [∇p+,∇q+] = 2iδpq∇+
(ψA
−
,ℓA) [∇+,∇=] = F+=
(χ0−, χ1−, χ2−, χ3−, [∇p+,∇=] =Wp−
F a+=, f
a
1 , f
a
2 , f
a
3 ) ∇p+Wq− = 12ǫpqp
′q′∇p′+Wq′−
∇r+φi = Jrij∇0+φj
LaIAr B = UaACICr B − IAr CUaCB
LaLAr = UaABLBr
Gkl
A
BJr
k
iJs
l
j +Gkl
A
BJs
k
iJr
l
j
= 2δrsGij
A
B
Jr
j
i∇jLAs + Jsji∇jLAr
−IrAB∇iLBs − IsAB∇iLBr = 0
J jp i∂juq =
1
2
ǫpq
p′q′Jp′
j
i∂juq′ (p 6= q)
∂iu0 = J
j
1 i∂ju1 = J
j
2 i∂ju2 = J
j
3 i∂ju3
Jr
j
i∂jz
r = −∂iz0
Jp
j
i∂jzq = − 12ǫpqp
′q′Jp′
k
i∂kzq′
fdabu
p
dc + f
d
acu
p
bd = 0
f cabz
p
c = 0
Laνra = −f cab νrc
hCBI
C
r A + hCAI
C
r B = 0
Jjr i∇jhAB +∇ihACICr B = 0
Jjr i∇jsA −∇i(sBIBr A)− 12∇ihABLBr = 0
sAL
A
r = const
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Supersymmetry Multiplets Extra Constraints
(1,1) (φi, λi+, λ
i
−
, ℓi) [∇+,∇−] = W
(W a, χa+, χ
a
−
, F a+=) [∇+,∇=] = F+=
[∇+,∇+] = 2i∇+
[∇
−
,∇
−
] = 2i∇=
Laubc = −fdabudc − fdacubd
Lavbc = −fdabvdc − fdacvbd
Lazb = −fdabzd
Lah = 0
(2,1) (φi, λi+, λ
i
−
, ℓi) [∇p+,∇−] =Wp
(W a0 ,W
a
1 , χ
a
0+, χ
a
1+, χ
a
−
, F a+=, f
a) [∇+,∇=] = F+=
[∇p+,∇q+] = 2iδpq∇+
[∇
−
,∇
−
] = 2i∇=
∇1+φi = J ij∇0+φj
Jji∂ju
0
ab = −∂iu1ab
Jji∂jz
1
a = −∂iz0a
Laupbc = −fdabupdc − fdacupbd
Lazpb = −fdabzpd
∂ih = J
k
i∂kh
1
(4,1) (φi, λp+, λ−, ℓ) [Q−, Q−]+ = 2iP=
(W ap .χ
a
p−, χ
a
+, F
a
+=
, far ) [Qp+, Qq+]+ = 2iδpqP+
∇r+φi = Jrij∇0+φj
fdabu
p
dc + f
d
acu
p
bd = 0
fdabz
p
d = 0
∂ih = Jr
k
i∂kh
r
(r = 1, 2, 3) (p, q = 0, 1, 2, 3)
Chapter 6
Vortices and Equivariant
cohomology
6.1 Introduction
Vortices are the instantons of two-dimensional gauge theories coupled to
sigma models. Bogomol’nyi type of bounds for both abelian [48] and non-
abelian vortices [49, 50] have been investigated in the context of linear sigma
models. To describe them, it is instructive to begin with a toy example.
Let Ξ be the usual two-dimensional spacetime, which after a Wick ro-
tation we can take to be Euclidean, Ξ = R2 with metric δµν . The sigma
model fields are maps φ : Ξ → M to a sigma model manifold M , which in
this introduction we take to be M = R2. The gauge group G acts on M
with isometries, for simplicity we take G to be abelian.
The Yang-Mills-Higgs action is
S =
∫
d2x
(1
2
δijδ
µν∇µφi∇νφj + 1
4
FµνFµν +
λ
8
(φ2 − 1)2
)
(6.1.1)
where ∇µφi = ∂µφi + Aµ · φi is ths usual covariant derivative, and φ2 =
δijφ
iφj . The final term is the Higgs self-interaction term, and λ ≥ 0 is
constant.
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This action admits finite action, solotonic configurations [61], and these
configurations are precsiely those that saturate the following bound, due to
Bogomol’nyi [48]. We rewrite (6.1.1) as
S =
∫
d2x
(
δijδµν(ǫ
µρ∇ρφi ± ǫik∇µφk)(ǫνσ∇σφj ± ǫjl∇µφl)
+
1
4
(Fµν ∓ ǫµν(1− φ2))(Fµν ∓ ǫµν(1− φ2))
+
[1
2
Fµνǫ
µν(1− φ2)± ǫµνǫij∇µφi∇νφj
])
(6.1.2)
where ǫ is the alternating tensor. This expression is obtained by completing
squares and collecting the remaining terms together in the square brackets
above. Finiteness of the action (6.1.1) requires that
|φ| → 1, ∇φ→ 0 as |x| → ∞ , (6.1.3)
and with these boundary conditions, using a partial integration, the ac-
tion (6.1.2) may be rewritten as
S =
∫
d2x
(
δijδµν(ǫ
µρ∇ρφi ± ǫik∇µφk)(ǫνσ∇σφj ± ǫjl∇µφl)
+
1
4
(Fµν ∓ ǫµν(1− φ2))(Fµν ∓ ǫµν(1− φ2))
)
(6.1.4)
± 2
∫
d2xF12 .
The last term is a topological charge proportional to the first Chern charac-
ter, which is an integer N (assuming sufficiently uniform limits in (6.1.3)).
N is also called the vortex number and solutions with N > 0 are called
N -vortex solutions.
Because the other integrands are non-negative, we have that
S ≥ π|N | (6.1.5)
because we may always choose the signs in (6.1.4) so that the topological
charge is positive. For N ≥ 0, there is equality if and only if
ǫµρ∇ρφi + ǫik∇µφk = 0
Fµν − ǫµν(1− φ2) = 0 .
(6.1.6)
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The appearance of the alternating tensor ǫij suggests that we should consider
M as a Ka¨hler manifold, which implies that we should consider models
with (2,0) supersymmetry. We would also like to derive a bound for those
gauge theories introduced in the previous chapter. This will be done in the
remainder of the chapter.
6.2 A bound for vortices in the (2,0) model
In this section we shall establish bounds for vortices for non-linear sigma
models considered in the previous chapter. For this we shall consider the
Euclidean action of the (2,0)-supersymmetric gauged sigma model with-
out Wess-Zumino term. The sigma model target space M is Ka¨hler with
metric g, complex structure J and associated Ka¨hler form ΩJ . After a
Wick rotation the two-dimensional spacetime is R2 with the standard Eu-
clidean metric. The relevant part of the bosonic Euclidean action of a (2,0)-
supersymmetric gauge theory coupled to a sigma model is
SE =
∫
R2
d2x
(1
2
gijδ
µν∇µφi∇νφj + 1
2
uabF
a
µνF
b
λρδ
µλδνρ +
1
4
uabνaνb
)
.
(6.2.1)
Next we introduce I a constant complex structure on R2 such that R2 is a
Ka¨hler manifold. The associated Ka¨hler form ΩI is the volume form of R
2.
In such a case the Euclidean action (6.2.1) can be rewritten as
SE =
∫
d2x
[1
4
uab
(
(ΩI · F a ∓ νa)(ΩI · F b ∓ νb)
+
1
4
gijδ
µν(Iρµ∇ρφi ∓∇µφkJ ik)(Iσν∇σφj ∓∇νφℓJ jℓ)]
±
∫
R2
((ΩJ)ij∇φi ∧ ∇φj + νaF a)
(6.2.2)
where ΩI · F = (ΩI)µνFµν , νa = uabνb, uab = u0ab and uacucb = δab (uab =
u(ab)). The above expression for the Euclidean action has been constructed
from (6.2.1) by completing squares and collecting all the remaining terms
which organise themselves in the last term of (6.2.2).
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The last term in (6.2.2) is the topological charge,
Q =
∫
R2
ωJ , (6.2.3)
where the form
ωJ = (ΩJ)ij∇φi ∧ ∇φj + νaF a (6.2.4)
is the equivariant extension of the Ka¨hler form ΩJ of the sigma model target
space M , see section 4.3.1. That ωJ is closed follows from dimensional
grounds. In fact (4.4.4) easily generalises to show that ωJ is closed as a
two-form on any manifold N for any map φ from N into the sigma model
manifold M and for any choice of connection A.
The Euclidean action of the (2,0)-supersymmetric two-dimensional sigma
model is bounded by the absolute value of the topological charge Q,
SE ≥ |Q|. This is because it is always possible to choose the signs in the
Bogomol’nyi bound above such that the topological term is positive. If the
topological charge is positive, then the bound is attained if
ΩI · F a − νa = 0
J ij∇µφj −∇νφiIνµ = 0 .
(6.2.5)
In two-dimensions, the curvature F is a (1,1)-form. Choosing complex co-
ordinates (z, z¯) on R2 with respect to the complex structure I, it is always
possible to arrange using a (complex) gauge transformation that Az¯ = 0.
Choosing complex coordinates in the sigma model target space M as well,
the second BPS condition becomes ∇z¯φα = 0 which means that the map φ
is holomorphic from the spacetime R2 into the sigma model manifold M .
A special case of this bound arises for gauge theories couple to linear
sigma models for which the sigma model manifold M = R2n with the Eu-
clidean metric and equipped with a constant compatible complex structure
J . This case includes the Nielsen-Olesen vortices [47]. (For these, existence
of a solution was shown in [51] and the moduli were studied in [62], [49] and
CHAPTER 6. VORTICES AND EQUIVARIANT COHOMOLOGY 110
more recently in [63], see also [64]). The case with a single complex scalar
has been analysed in [48]. Choosing complex coordinates {qα;α = 1, . . . , n}
in R2n, we write
ds2 =
∑
α
dqαdqα¯
ΩJ = −i
∑
α
dqα ∧ dqα¯ .
(6.2.6)
Next consider the abelian group U(1)-action qα → eiQαtqα which generates
the holomorphic Killing vector fields
ξ = i
∑
α
Qα(q
α ∂
∂qα
− qα¯ ∂
∂qα¯
) . (6.2.7)
The moment map is (5.3.19)
ν = −
∑
α
(Qαq
αqα¯)− Λ , (6.2.8)
where Λ is a (cosmological) constant. This is an example of a (2, 0)-
supersymmetric gauged linear sigma model with gauge group U(1) of the
type considered in [35]. The topological charge is
Q =
∫
R2
d2z
(∑
α
(∇zqα∇z¯qα¯ −∇z¯qα∇zqα¯) + νFzz¯
)
(6.2.9)
where ∇zqα = ∂zqα + iAzQαqα, ∇zqα¯ = ∂zqα¯ − iAzQαqα¯, ∇z¯qα¯ = (∇zqα)∗
and ∇z¯qα = (∇zqα¯)∗, and Fzz¯ = ∂zAz¯−∂z¯Az. To compare the bound above
(6.2.2) with that of vortices in [35], we observe that after some integration
by parts we have
Q =
∫
R2
d2z
(∑
α
(∂zq
α∂z¯q
α¯ − ∂z¯qα∂zqα¯)− ΛFzz¯
)
+ surfaces (6.2.10)
The first term in the above expression is the topological charge expected
for the vortices (instantons) of ungauged two-dimensional sigma models.
The same topological charge also appears in the kink solitons of three-
dimensional non-linear sigma models [65]. The last part in the above expres-
sion involving the cosmological constant and the Maxwell field is the usual
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degree of an abelian vortex. The relation between the topological charge Q
in (6.2.9) and the degree of an abelian vortex involves integration by parts.
Under certain boundary conditions the two topological charges are the same.
However as we have shown, the bound that involves the equivariant exten-
sion of the Ka¨hler form generalizes in the context of gauge theories coupled
to non-linear sigma models.
6.3 A bound for vortices in the (4,0) model
A bound similar to the one we have described in the previous section for the
Euclidean action of (2,0)-supersymmetric gauged sigma model can also be
found for the Euclidean action of (4,0)-supersymmetric gauged sigma model.
The Euclidean action of the (4,0)-supersymmetric gauged sigma model with
vanishing Wess-Zumino term is
SE =
∫
R2
d2x
(1
2
gijδ
µν∇µφi∇νφj + 1
2
uabF
a
µνF
b
λρδ
µλδνρ +
1
4
3∑
r=1
uabνraν
r
b
)
(6.3.1)
The sigma model target space is hyper-Ka¨hler with metric g, hypercomplex
structure {Jr : r = 1, 2, 3} and associated Ka¨hler forms ΩJr . After a Wick
rotation the two-dimensional spacetime is R2 with the standard Euclidean
metric. Let I be a compatible constant complex structure such that R2 is
a Ka¨hler manifold with associated Ka¨hler form ΩI . In the same ways as
before, Euclidean action can be written as
SE =
∫
d2x [
1
4
3∑
r=1
uab(arΩI · F a ∓ νar )(arΩI · F b ∓ νbr)
+
1
4
3∑
r=1
δµνgij(arI
ρ
µ∇ρφi ∓∇µφkJ irk)(arIσν∇σφi ∓∇νφℓJ jr ℓ)]
±
∫
R2
3∑
r=1
arωJr ,
(6.3.2)
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where {ar : r = 1, 2, 3} is a constant vector with length one,
∑3
r=1(ar)
2 = 1,
uab = u
0
ab = u
0
ba, ν
a
r = u
acνrc, u
acucb = δ
a
b and
ωJr = (ΩJr)ij∇φi ∧ ∇φj + νaF a (6.3.3)
is the equivariant extension of the Ka¨hler form ΩJr .
The strictest bound is attained whenever the unit vector {ar : r = 1, 2, 3}
is parallel to the vector of the topological charges {Qr : r = 1, 2, 3}, where
Qr =
∫
R2
ωJr (6.3.4)
and the sign is chosen such that the topological term in the bound is positive.
If the inner product of {ar : r = 1, 2, 3} and {Qr : r = 1, 2, 3} in (6.3.2) is
positive, we have that
SE ≥
√
Q21 +Q22 +Q23 . (6.3.5)
This bound is attained whenever
arΩI · F a − νar = 0
Jr
i
j∇µφj − ar∇νφiIνµ = 0 .
(6.3.6)
Using a rotation in the space of three complex structures, we can arrange
such that a1 = 1 and a2 = a3 = 0. In such case, the last equation in (6.3.6)
implies that
∇µφi = 0 . (6.3.7)
This in turn gives
F aµνξ
i
a = 0 (6.3.8)
Therefore either φ takes values in the fixed point set Mf of the group action
of G in M or the curvature F of the connection A vanishes. In the latter
case, the first equation in (6.3.6) implies that νr = 0 and these are the
vacua of the theory. If these are no non-trivial flat connections and Mf ∩
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ν−11 (0)∩ν−12 (0)∩ν−13 (0) = 0, then the space of solutions is the hyper-Ka¨hler
reductionM//G ofM and it is a hyper-Ka¨hler manifold. On the other hand
if φ takes values in Mf , then the second equation in (6.3.6) implies that φ
is constant. Substituting this in the first equation in (6.3.6) implies that φ
is in Mf ∩ ν−12 (0) ∩ ν−13 (0). In addition we have that
ΩI · F a − νa1 = 0 . (6.3.9)
This is the Hermitian-Einstein equation in two dimensions.
The first condition in (6.3.6) implies that the curvature F is a (1,1)-form.
Choosing complex coordinates (z, z¯) on the two-dimensional spacetime as-
sociated with the complex structure I, it is always possible to arrange using
a gauge transformation such that Az¯ = 0. Choosing complex coordinates in
the sigma model target space M as well, it is easy to see that the second
BPS condition implies that the map φ is holomorphic from the spacetime
into the sigma model manifold M .
6.4 Ka¨hler manifolds and non-abelian vortices
The bounds that we have described in the previous sections can be gener-
alized as follows. Consider two Ka¨hler manifolds (N,h, I) and (M,g, J) of
dimensions 2k and 2n, and Ka¨hler forms ΩI and ΩJ , respectively. Next al-
low M to admit a holomorphic G-action with associated killing vector fields
ξ and moment map ν. In our conventions iξΩJ = −dν. Next consider the
functional
SE =
∫
N
dvol(N)
(1
2
|∇φ|2 + 1
2
|F |2 + 1
4
|ν|2) , (6.4.1)
where |∇φ|2 = gijhµν∇µφi∇νφj ,∇µφi = ∂µφi+Aaξia, |F |2 = uabF aµνF bρσhµρhνσ,
|ν|2 = uabνaνb and u is a fibre inner product on the gauge bundle which we
can set uab = δab.
CHAPTER 6. VORTICES AND EQUIVARIANT COHOMOLOGY 114
The functional SE can be rewritten as follows:
SE =
∫
N
dvol(N)
[1
4
|ΩI · F ∓ ν|2 + |F 2,0|2 + 1
4
|I∇φ∓ J∇φ|2]
± 1
(k − 1)!
∫
N
ωJ ∧ Ωk−1I −
1
(k − 2)!
∫
N
uabF
a ∧ F b ∧ Ωk−2I
(6.4.2)
where we have chosen the normalisation dvol(N) = 1
k!Ω
k
I , ΩI · F = ΩµνI Fµν ,
F 2,0 is the (2,0) part of the curvature F that corresponds to the splitting
Ω2(M) = Ω2,0(M)⊕ Ω1,1(M)⊕ Ω0,2(M) and
ωJ = (ΩJ)ij∇φi ∧ ∇φj + νaF a (6.4.3)
is the equivariant extension of the Ka¨hler form ΩJ . (The inner products
are taken with respect to the Riemannian metrics h and g.) The rest of
the notation is self-explanatory. We remark that if ΩJ represents the first
Chern class of a line bundle, i.e. the Ka¨hler manifold is Hodge, then ωJ can
be thought of as the equivariant extension of the first Chern class (see [39]).
If uab is a constant invariant quadratic form on the Lie algebra of the
gauge group G, it is clear that the functional SE is bounded by a topological
term Q which involves the equivariant extension of the Ka¨hler form and the
second Chern character of the bundle P ×G g, where P is a principal bundle
of the gauge group G and G acts on g with the adjoint representation. In
particular we can write
SE =
∫
N
dvol(N)
[1
4
|ΩI · F ∓ ν|2 + |F 2,0|2 + 1
4
|I∇φ∓ J∇φ|2]
± 1
(k − 1)!
∫
N
ωJ ∧ Ωk−1I −
8π2
λ(k − 2)!
∫
N
ch2 ∧ Ωk−2I ,
(6.4.4)
where λ is an appropriate normalisation factor involving the ratio between
the fibre inner product on P ×G g and u; where G is simple. It is worth
pointing out that the term involving the second Chern character is not
affected by the choice of sign in writing (6.4.2). Therefore there are three
cases to consider the following: (i) there is no choice of sign such that
the topological charge Q is positive. In such a case the bound cannot be
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attained. (ii) There is a critical case in which for one sign the topological
charge is negative while for the other is zero. This case implies that the
Euclidean action vanishes and so every term should vanish. Solutions exist
for F = ∇φ = ν = 0. (iii) For one of the choice of signs the topological
charge is positive. Suppose that Q is positive in (6.4.2) for the first choice
of sign. In such case the bound is attained provided that the equations
F 2,0 = 0
ΩIF
a − νa = 0
Iνµ∇νφi − J ij∇µφj = 0
(6.4.5)
hold. The first equation implies that F is a (1,1)-form. The last equation
in (6.4.5) implies that the maps φ are holomorphic. Finally the middle
equation is the standard non-abelian vortex equation. If the term involving
the moment map is constant, then the resulting equation is the Hermitian-
Einstein equation.
6.5 Hyper-Ka¨hler manifolds and non-abelian vor-
tices
Let (N,h, I) be a Ka¨hler manifold of dimension 2k with associated Ka¨hler
form ΩI and (M,g, Jr) be a hyper-Ka¨hler manifold of dimension 4n with
associated Ka¨hler forms ΩJr . Next allow M to admit a tri-holomorphic
G-action with associated killing vector fields ξ moment maps νr. In our
conventions iξΩJr = −dνr. Next consider the functional
SE =
∫
N
dvol(N)
(1
2
|∇φ|2 + 1
2
|F |2 + 1
4
3∑
r=1
|νr|2
)
, (6.5.1)
where |∇|2 = gijhµν∇µφi∇νφj ,∇µφi = ∂µφi+Aaξia, |F |2 = uabF aµνF bρσhµρhνσ,
|νr|2 = uabνraνrb and u is a fibre inner product on the gauge bundle which
we can set uab = δab.
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The functional SE can be rewritten as follows:
SE =
∫
N
dvol(N)
[1
4
3∑
r=1
|arΩI · F ∓ νr|2 + |F 2,0|2 + 1
4
3∑
r=1
|arI∇φ∓ Jr∇φ|2
]
± 1
(k − 1)!
∫
N
3∑
r=1
arωJr ∧ Ωk−1I −
1
(k − 2)!
∫
N
uabF
a ∧ F b ∧ Ωk−2I
(6.5.2)
where dvol(N) = 1
k!Ω
k
I , {ar : r = 1, 2, 3} is a constant vector of length one,∑3
r=1(ar)
2 = 1, ΩI · F = ΩµνI Fµν , F 2,0 is the (2,0) part of the curvature F
and
ωJr = (ΩJr)ij∇φi ∧ ∇φj + νraF a (6.5.3)
is the equivariant extension of the Ka¨hler form ΩJr . (The inner products
are taken with respect to the Riemannian metrics h and g.) The rest of the
notation is self-explanatory.
It is clear that the functional SE is bounded by a topological charge Q
which involves the equivariant extensions of the Ka¨hler forms ΩJr and, if u
is a constant invariant quadratic form on g, the second Chern character of
the gauge bundle P ×G g. It is worth pointing out that the term involving
the second Chern character is not affected by the choice of sign in writing
(6.5.2). Therefore as in the Ka¨hler case, there are several cases to consider
but we shall not repeat the analysis. Suppose that both Q and the inner
product of the vector {ar : r = 1, 2, 3} with {Q˜r : r = 1, 2, 3} are positive in
(6.5.2), where
Q˜r = 1
(k − 1)!
∫
N
ωJr ∧ Ωk−1I . (6.5.4)
Then the bound is attained provided that the equations
F 2,0 = 0
arΩIF
a − νar = 0
arI
ν
µ∇νφi − Jrij∇µφj = 0
(6.5.5)
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hold. The first equation implies that F is a (1,1)-form. It is always possible
with a rotation in the space of complex structures of the hyper-Ka¨hler man-
ifold to set a1 = 1 and a2 = a3 = 0. Then last equation in (6.5.5) implies
that
∇µφi = 0 . (6.5.6)
This in turn implies that
F aµνξ
i
a = 0 . (6.5.7)
Therefore either the connection A is flat or the maps φ take values in the
fixed set Mf of the G-group action on M . In the former case, in the ab-
sence of non-trivial flat connections, the moduli space of solutions to these
equations is the hyper-Ka¨hler reduction M//G of G and it is a smooth man-
ifold provided that the level set does not intersect Mf . In the latter case,
the maps φ are constant and the two remaining equations in (6.5.5) are the
Hermitian-Einstein equations for the connection A; see [45] and references
therein.
One can also consider the case where (N,h, Ir) is a hyper-Ka¨hler man-
ifold while (M,g, J) is a Ka¨hler manifold which admits a G-holomorphic
action of isometries. This case can be treated as that considered in the pre-
vious section involving only Ka¨hler manifolds. A Ka¨hler structure on N can
chosen with respect to any complex structure which lies in the two-sphere
of complex structures of N .
Chapter 7
Conclusions
We have gauged the supersymmetry of the most general N = 1 supersym-
metric one dimensional sigma model; we have investigate the dynamics of
the theory by deriving the Hamiltonian and the first and second class con-
straints. We have then quantised the theory using the Dirac method and
checked that the Dirac operator squares to the Klein Gordon operator.
We have commented that the zero modes of the Dirac operator do not
exist if the target manifold M is compact, without boundary and with pos-
itive scalar curvature. It would be interesting to investigate further the
relationship between the geometry of the target manifold and existence of
zero modes of the Dirac operator.
We have constructed the actions of two-dimensional (p,0)- and (p,1)-
supersymmetric gauge theories coupled to sigma model matter with Wess-
Zumino term. We have also given the scalar potentials of these theories.
Our method of constructing these theories relies on a superfield method.
Then we have shown that the Euclidean actions these theories admit vortex
type of bounds which generalise to higher dimensions.
The gauge theories that we have constructed are not the most general
ones. It is known for example that the (1,1)-supersymmetric sigma model
admits a scalar potential which is the length of a killing vector field [11].
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Our superfield method cannot describe such a term. There are also other
possibilities, for example the sigma models with almost complex manifolds
as a target space as well as those associated with (p, 0) fermionic multiplets
for which the supersymmetry algebra closes on-shell [44, 8]. Other models
of interest that we have not described here are those with (p, 2), p = 2, 4,
and (4,4) supersymmetry. All the above models can be described using (1,0)
superfields. This method has been used before, see [9, 10, 42]. This means
that the action of such models can be written in terms of (1,0) superfields and
the additional supersymmetries can be implemented by requiring invariance
of the action under additional suitable transformations. The (2,2) and (4,4)
supersymmetric gauge theories have been described using other methods in
[35] and [66].
The gauge theories coupled to sigma models which we have described
with (p, 1) supersymmetry have soliton type of bounds in addition to the
vortex type of bounds that we have described. For the former bounds the
energy of these models can be written as a sum of squares and a topological
term. This is very similar to bounds of (ungauged) sigma models [52] and
so we have not described them here. It would be of interest to investigate
the solutions of the vortex equations we have presented for different types
of moment maps. It may be that for a suitable choice, the vortex equations
can be solved exactly.
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